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Abstract. Parabolic Higgs bundles on a Riemann surface are of interest for many 
reasons, one of them being their importance in the study of representations of the 
fundamental group of the punctured surface in the complex general linear group. In 
this paper we calculate the Betti numbers of the moduli space of rank 3 parabolic 
Higgs bundles with fixed and non- fixed determinant, using Morse theory. A key point 
is that certain critical submanifolds of the Morse function can be identified with moduli 
spaces of parabolic triples. These moduli spaces come in families depending on a real 
parameter and we carry out a careful analysis of them by studying their variation with 
this parameter. Thus we obtain in particular information about the topology of the 
moduli spaces of parabolic triples for the value of the parameter relevant to the study 
of parabolic Higgs bundles. The remaining critical submanifolds are also described: 
one of them is the moduli space of parabolic bundles, while the remaining ones have 
a description in terms of symmetric products of the Riemann surface. As another 
consequence of our Morse theoretic analysis, we obtain a proof of the parabolic version 
of a theorem of Laumon, which states that the nilpotent cone (the prcimage of zero 
under the Hitchin map) is a Lagrangian subvariety of the moduli space of parabolic 
Higgs bundles. 



1. Introduction 

Let X be a connected, smooth projective complex algebraic curve of genus g and let 
D = P1+P2 + - ■ ■+Pn be a divisor, with distinct points pi, ■ ■ ■ ,Pn- Let K be the canonical 
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bundle of X. A parabolic Higgs bundle is a pair {E, $), where E is & parabolic bundle, 
that is a holomorphic bundle over X together with a weighted flag in the fibre of E 
over each p E D, and ^ : E ^ E ^ K{D) is a strongly parabohc homomorphism. This 
means that $ is a meromorphic endomorphism valued one-form with simple poles along 
D whose residue at p is nilpotent with respect to the flag. 

Like in the non-parabolic case, there is a stability criterion allowing the construction of 
moduli spaces of semistable parabolic Higgs bundles [39]. For generic weights, semista- 
bility and stability coincide and the moduli space is a smooth quasiprojective algebraic 
manifold. The goal of this paper is to compute the Betti numbers of this moduli space 
in the case in which the rank of the bundle is 3. The computation for rank 2 was car- 
ried out by Boden and Yokogawa [6] , and Nasatyr and Steer [33] in the case of rational 
weights. In the non-parabolic case the Betti numbers had been previously computed by 
Hitchin [23] in rank 2 and Gothen [16] in rank 3. We have been informed by T. Hausel 
of a conjecture for the Betti numbers of the moduli space of parabolic Higgs bundles 
of any rank and degree, analogous to his conjecture for the case of non-parabolic Higgs 
bundles [20]. His formula gives the same result as ours in the cases that we have checked 
(cf. Remark 11.3), thus providing support for his conjecture. 

Similarly to the non-parabolic case, the moduli space of parabohc Higgs bundles has 
an extremely rich geometric structure. It can be identified with the moduli space of 
solutions to the parabolic version of Hitchin's equations: 

F{A)^ + [$, $*] = and Ba^ = 0, 

where ^ is a singular connection unitary with respect to a singular hermitian metric on 
E adapted to the parabolic structure (see Section 2.3 for details). The moduli space of 
parabolic Higgs bundles contains the total space of the cotangent bundle of the moduli 
space of parabolic bundles, whose natural holomorphic symplectic form can be extended 
to the whole moduli space. This form can be combined with the real symplectic form 
coming from the gauge-theoretic interpretation to endow the moduli space with a hy- 
per kahler structure [26, 33]. 

An important motivation to study ordinary Higgs bundles comes from their relation 
with complex representations of the fundamental group of the curve. This is established 
by identifying the moduli space of solutions to Hitchin's equations with the moduli space 
of Higgs bundles [23, 36] as well as with the moduli space of complex connections with 
constant central curvature [11, 12]. In the parabolic case, there is a similar correspon- 
dence proved by Simpson [35]. This involves meromorphic complex connections with 
simple poles at the points and parabolic weights. At the topological side one has to con- 
sider filtered local systems. The natural context for the correspondence is a class larger 
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than parabolic Higgs bundles in which the Higgs field $ is allowed to be parabolic and 
not necessarily strongly parabolic. In other words, at a parabolic point the residue of $ 
is parabolic with respect to the flag. Under this correspondence, parabolic Higgs bundles 
(those for which the Higgs field is strongly parabolic) are in bijection with meromorphic 
fiat connections whose holonomy around each parabolic point defines a conjugacy class 
of an clement in the unitary group. These, in turn, correspond to representations of the 
fundamental group of the punctured surface in the general linear group, which send a 
small loop around each parabolic point to an element conjugate to a unitary element. 

The main tool for our computation of the Betti numbers, as in the previously studied 
cases, is the use of the Morse-theoretic techniques introduced by Hitchin [23] : the L^- 
norm of the Higgs field defines a perfect Bott-Morse function on the moduli space. We 
have to compute the Poincare series and the indices of the various critical subvarieties. 
In fact the calculation of the indices can be carried out for any rank, whereas the 
calculation of the Poincare series of the critical subvarieties depends crucially on the 
rank 3 assumption. Here is a description of the paper. 

In Section 2 wc review the basic definitions and basic facts of parabolic Higgs bundles. 
In Section 3 we consider the Bott-Morse function on the moduli space and identify the 
critical subvarieties. These coincide with the fixed subvarieties under the action of 
on the moduli space given by multiplying the Higgs field. These in turn correspond, as 
shown by Simpson [35] , to variations of Hodge structures, in particular the bundle has to 
be a direct sum of subbundles. We then compute the indices — this can be done for any 
rank and leads to a parabolic version of the theorem of Laumon, that the nilpotcnt cone 
in the moduli space of parabolic Higgs bundles is a Lagrangian subvariety. In the rank 3 
case, the possible decompositions of the vector bundle in a sum of subbundles are of two 
types: a sum of three line bundles or a sum of a line bundle and a rank 2 vector bundle. 
The latter case gives rise to so-called parabolic triples. These have been introduced in 
[4] and generahse the triples studied in [8] and [9]. Through Sections 4, 5 and 6 we 
study the moduli spaces of parabolic triples. They depend on a real parameter, relating 
to parabolic Higgs bundles when the value of this parameter is 2(? — 2. To compute the 
Betti numbers for a given value of the parameter (in particular for 2g — 2) we follow the 
strategy introduced by Thaddeus in [37]. After characterising the moduli space for the 
largest value of the parameter, we need to analyse the changes when we cross a finite 
number of values until we get to the one we want. In Section 7 we compute the Poincare 
polynomial and indices for the critical subvarieties for which the vector bundle is a sum 
of three line bundles. In Sections 8 and 9 we do the other cases using the previous 
computations for the moduli space of parabolic triples. An important technical point is 
that the Betti numbers of the moduli space of parabolic Higgs bundles do not depend 
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on the degree and the weights (certainly if the weights are generic). So we can choose 
the degree coprime with the rank and the weights as small as convenient, to facilitate 
our computations. In Section 10, based on the computations by Nitsure [34] and Holla 
[25] of the Betti numbers of the moduli space of parabolic bundles, we work out the 
formula for the rank 3 case. In Section 11 we collect all the computations, to give the 
Poincare polynomial of the rank 3 moduli space of parabolic Higgs bundles. Finally, in 
Section 12, we compute the Poincare polynomial of the rank 3 moduli space of parabolic 
Higgs bundles with fixed determinant. It is interesting to observe that, hke in the non- 
parabolic case, and in contrast to the case of stable parabolic bundles, the Poincare 
polynomial of the non-fixed determinant moduli space does not split as the product of 
those of the Jacobian and the fixed determinant moduli space. In particular, it follows 
that tensoring by a line bundle gives a non-trivial action of the group of elements of 
order three in the Jacobian on the cohomology of the fixed determinant moduli space 
with rational coefficients; in fact our methods allow us to determine precisely the non- 
invariant part of the rational cohomology. 

Acknowledgements. We wish to thank Tamas Hausel and Nigel Hitchin for very 
useful comments. 

2. Parabolic Higgs bundles 

2.1. Definitions and basic facts. Let X be a connected, smooth projective complex 
algebraic curve of genus g together with a finite (non-zero) number of marked distinct 
points Pi, . . . ,Prf Wc will denote the divisor D = pi + p2 + ■ ■ ■ + Pn- 

Let E he a. holomorphic bundle over X. A parabolic structure on E consists of 
weighted fiags 

Ep = Ep^i D Ep^2 D ■ ■ ■ D £'p,sp ^ = 0) 

< aiip) < ■ ■ ■< a^^ip) < 1, 

over each p & D. A holomorphic map (f) : E ^ F between parabolic bundles is called 
parabolic if <yf{p) > <yf{p) (the superindex indicating to which parabolic bundle the 
weight corresponds) implies (p^Ep^-i) C i^p,j+i for all p E D. We call 4> strongly parabolic 
if af{p) > a^{p) impfies (j){Ep^i) C -^pj+i for all p E D. 

We will abuse notation by simply writing E for a bundle with a parabolic structure. 

This notion can be generalised to higher dimensions. In this parabolic bundle 

consists of a holomorphic vector bundle together with a weighted holomorphic filtration 
of the restriction of the bundle to a fixed divisor. This generalisation is also relevant 
for us in the particular case in which the manifold is the product of the curve X and 
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a higher dimensional manifold Y, and the divisor is D x Y. Parabolic and strongly 
parabolic homomorphisms are defined in a similar way. 

Also ParHom(£', F) and SParHom(£', F) will denote respectively the sheaves of pa- 
rabolic and strongly parabolic homomorphisms from E to F. 

Let mi{p) = dim Ep^i/Ep^i^i be the multiplicity of ai{p). It will sometimes be con- 
venient to repeat each weight according to its multiplicity, i.e., we set d(i{p) — ... = 
^mi{p){p) = Cii{p), etc. Wc then have weights < ai{p) < ■■■ < ar{p) < 1, where 
r = rk(£') is the rank of E. Define the parabolic degree and parabolic slope of E by 

Sp r 

pardeg(£;) = deg(£;) + 5^X1 ^iiP)^iiP) = <ieg(^) + 

peD i=i peD 1=1 

pardeg(£;) 

If F is a subbundle of E, then F inherits a parabolic structure by setting Fp^i — FpHEp^i 
and discarding those weights of multiplicity zero. We call this the induced parabolic 
structure on F. In a similar manner, one can give a parabolic structure to the quotient 
E/F. 

A parabolic bundle E is said to be stable if paxfi{F) < par for all proper parabolic 
subbundles F G E. Semistability is defined by replacing the strict inequality by the weak 
inequality. For generic weights, stability and semistability are equivalent. 

For parabolic bundles E there is a well-defined notion of dual E*. This is done by 
considering the bundle B.om[E, 0{—D)), and at each p E D, defining the filtration 

E;^ E*D ---D E* DO, 

with £;* j = }iom{Ep/ Ep^s^+2-i: 0{-D)p) and weights 1 - as{p) < • • • < 1 - ai{p). It is 
easy to prove that E** — E, and pardeg(£^*) = — pardeg(£'). 

There is also a notion of tensor product 0^ of two parabohc bundles [40] , which is best 
understood in terms of M-filtered sheaves. Here we shall only use the case of tensoring 
a parabolic bundle E with a parabolic line bundle L. Let ai{p) be the weights of E and 
f3{p) be the weights of L. Then the parabolic bundle F = E L is, as a bundle, the 
kernel of 

E ® L{D) -4. ©pgB {{Ep/Ep^,^) ® L{D)p) , 
where ip — min{sp -l- 1, i | Oii{p) + P{p) > 1}, p & D. The weights of F are 
(2.1) ai^{p)+P{p)-l <■■■< q;,^(p)+/3(p)-1 < ai{p)+P{p) < ■ ■ ■< ai^-i{p) + P{p) , 
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with multiplicities mi^{p), . . . ,ms^{p),mi{p), . . . ,mi^_i{p). It is then easy to see that 
paxii{E (8)^ L) = paifi{E) + par//(L), whereas 

deg{E ®^ L) = deg{E) + rk{E) deg(L) + ^ dim Ep^i^ . 

p 

We denote by K the canonical bundle on X. A parabolic Higgs bundle is a pair 
(£■,$), where is a parabolic bundle and $ G if°(SParEnd(i?) (g) K{D)), i.e. $ is a 
meromorphic endomorphism valued one-form with simple poles along D whose residue 
at p is nilpotent with respect to the flag. We shall sometimes denote a parabohc Higgs 
bundle by E = 

The notion of stability is extended to parabolic Higgs bundles in the usual way: 

par/i(F) < par/x(£') 

for all proper parabolic subbundles F G E which are preserved by $. Semistability is 
defined by replacing the strict inequality by the weak inequality. 

The standard properties of stable bundles also apply to parabolic Higgs bundles; 
for example, if E and F are stable parabohc Higgs bundles of the same parabohc slope, 
then there are no parabolic maps between them unless they are isomorphic, and the only 
parabolic endomorphisms of a stable parabolic Higgs bundle are the scalar multiples of 
the identity. 

We shall say that the weights are generic when every semistable parabohc Higgs 
bundle is automatically stable, i.e., when there are no properly semistable Higgs bundles. 
Let us fix (generic) weights ai{p) and topological invariants rk(£') and dcg{E). The 
moduli space Ai of stable parabolic Higgs bundles was constructed using Geometric 
Invariant Theory by Yokogawa [39, 40], who also showed that it is a smooth irreducible 
complex variety. The moduli space M. contains the cotangent bundle of the moduli 
space of stable parabohc bundles. 

The following result will facilitate the computation of the Betti numbers of M. 

Proposition 2.1. Fix the rank r. For different choices of degrees and generic weights, 
the moduli spaces of parabolic Higgs bundles have the same Betti numbers. 

Proof. For fixed degree, it is a consequence of the results of Thaddeus [38] that the moduli 
spaces for different generic weights have the same Betti numbers, as we now explain. 
The space of weights is divided into chambers by a finite number of hyperplanes, or 
walls, and in each chamber the moduli spaces arc isomorphic. Call the moduli spaces 
on each side of a wall and respectively (here, and in the following, we use 

the notation of [38]). Thaddeus proves that M.'^ and M.~ have a common blow-up 
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with the same exceptional divisor. The loci in M."^ to be blown up {flip loci, in our 
language) are isomorphic to projective bundles PC/^ over a product N''^ x J^f" of moduh 
spaces of lower rank parabohc Higgs bundles. This is similar^ to the situation in [37] 
(for ordinary triples) and our analysis in Section 5 below (for parabolic triples), and 
shows that the difference between the Poincare polynomials of Ai^ and Ai~ equals the 
difference between the Poincare polynomials of the respective flip loci (cf. [15, p. 605]). 
However, in the case of parabolic Higgs bundles something special happens, namely the 
bundles C/"*" and U~ are dual to each other (see the paragraph of [38] preceding (5.6)). 
Hence and ¥U~ are projective bundles of the same rank, over the same base. But 
the Poincare polynomial of a projective bundle splits as the product of the Poincare 
polynomial of the base and the Poincare polynomial of projective space. Thus the flip 
loci in Ai^ and Ai~ have the same Betti numbers and, therefore, the moduli spaces 
Ai^ and Ai^ themselves have the same Betti numbers. 

To extend the result to moduli spaces of parabolic Higgs bundles with different degrees, 
we proceed as follows. Fix any parabolic line bundle L with degree and weights /3(p). 
Then the map 

(E,$) ^ {E^^ L,<l>) 

gives an isomorphism between the moduli space of parabolic Higgs bundles of rank r, 
degree A and weights «j(p) and the moduli space of parabolic Higgs bundles of rank 
r, degree A + rdL + ^i>ip (p) ; and weights given by (2.1). Choosing weights of 
multiplicity one and a suitable parabolic line bundle L we see that moduli spaces of 
parabolic Higgs bundles for different degrees are isomorphic. Since we already know 
that the Betti numbers are independent of the (generic) weights for flxed degree, this 
concludes the proof. □ 

2.2. Deformation theory. The deformation theory of parabolic Higgs bundles was 
worked out by Yokogawa [40]; see also Thaddeus [38] and Biswas and Ramanan [5]. 
Everything in this section is essentially contained in these references but we shall flnd it 
convenient to give an exposition tailored to our purposes. Let E = {E, $) and F = (F, ^) 
be parabolic Higgs bundles. We deflne a complex of sheaves 

C"(E, F) : ParHom(E, F) SParHom(F, F) ^ K{D) 

/ ^ (/ ® 1)* - 

and write C"(E) = C*(E,E). 



In these cases it is the stability parameter which is varied, rather than the parabohc weights. 
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Proposition 2.2. (i) The space of infinitesimal deformations of a parabolic Higgs 
bundle E is naturally isomorphic to the first hypercohomology group of the com- 
plex 

C'{E) : ParEnd(E) SParEnd(^) ® K{D) 

Thus the tangent space to M. at a point represented by a stable parabolic Higgs 
bundle E is isomorphic to EI-'^(C"(E)). 

(ii) The space of homomorphisms between parabolic Higgs bundles E and F is natu- 
rally isomorphic to the zeroth hypercohomology group ]H[''(C*(E, F)). 

(iii) The space of extensions — > E' — > E — > E" — > 0/ parabolic Higgs bundles E' 
and E" is naturally isomorphic to the first hypercohomology E[^(C*(E", E')). 

(iv) There is a long exact sequence 

^ H°(C"(E, F)) ^ i/°(ParHom(£;, F)) //°(SParHom(£;, F) ® K{D)) 
(2.2) ^ (C"(E, F)) ^ //^(ParHom(£;, F)) //^(SParHom(£;, F) ® K{D)) 
^ tf(C"(E,F)) ^0. 

Proof. For proofs of (i) - (iii) see Thaddeus [38]. The proof of (iv) follows by a standard 
argument in Higgs bundle theory (see, e.g., Biswas and Ramanan [5]). □ 

As for ordinary Higgs bundles, duality plays an important role for parabolic Higgs 
bundles. The results of the following proposition are consequences of the theory devel- 
oped by Yokogawa (cf. (3.1) and Proposition 3.7 of [40], see also § 3 of Thaddeus [38] 
and § 5 of Bottacin [7]). 

Proposition 2.3. (i) Let E and F he parabolic bundles. The sheaves Pai}iom{E, F) 

and SParHom(F, £'(/})) are naturally dual. 
(ii) Let E and F be parabolic Higgs bundles. Then there is a natural isomorphism 

W{C'{E, F)) = m^-\C'{F, E))*. 

In particular we obtain a natural isomorphism TeA4 = T^A4 for a stable para- 
bolic Higgs bundle E. 

Proof. We just show how (i) imphes (ii). Prom (i) it follows that the dual complex 
C*(E, F)* is related to the original one by 

C*(E,F)*(8)X^ C"(F,E). 

Thus, Serre duality for hypercohomology and Proposition 2.2 (i) give statement (ii) of 
the present proposition. □ 
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Next we shall show how these results can be used to calculate the dimension of the 
moduli space of parabolic Higgs bundles. The result is well known but it seems worth- 
while to include the calculation here, since we shall use the same ideas again below. First 
we introduce some convenient notation for parabolic bundles E and F as follows. We 
denote by Pp{E,F) the subspace of Hom(£^p, Fp) consisting of parabolic maps and by 
Np{E, F) the subspace of strictly parabolic maps. We also write Pd{E, F) = ^ PpiE, F) 
and Nd{E, -F) = Np{E, F). When there is no risk of confusion we shall omit the pa- 
rabolic bundles E and F from the notation. We then have short exact sequences of 
sheaves 

^ ParHom(E, F) Hom(E, F) }iom{ED, Fd)/Pd{E, F) 0, 

and 

^ SParHom(E, F) Hom(E, F) Hom(Fz), Fd)/Nd{E, F) 0. 

Thus we can calculate the Euler characteristics of ParHom(£', F) and SParHom(£^, F) 
as follows: 

x(ParHom(£;, F)) = x(Hom(£;, F)) + J^(dimPp - ik{E) rk(F)), 

(2.3) 

x(SParHom(£;, F)) = x(Hom(£;, F)) + ^(dimiVp - rk(E) rk(F)). 

With these preliminaries in place we can calculate the dimension of the moduli space. 

Proposition 2.4. The complex dimension of the moduli space Ai of stable rank r pa- 
rabolic Higgs bundles is 

r\2g-2) + 2 + 2Y,fp, 

p 

where r = Yk{E) and fp = \ — 'm-iip)^) ■ 

Proof. Since E is stable, its only endomorphisms are the scalars. Hence, using Proposi- 
tion 2.2 (ii) and the duality statement Proposition 2.3 (ii), we have that dim]HI°(C*(E)) = 
dimHI^(C*(E)) = 1. It follows that the dimension of the moduli space is 

dimM = dimtf (C"(E)) 
= 2 - x(C-(E)) 

= 2 - x(ParEnd(£;)) + x(SParEnd(£;) ® K{D)), 



where in the last equality we have used the long exact sequence (2.2). From this we 
obtain the result by using equations (2.3), the fact that dimPp — dimiVp = 'Y^^TUiipY 
and the Riemann-Roch formula. □ 
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2.3. Parabolic Higgs bundles and gauge theory. Our main goal is to study the 
topology of A1. To do this we need the gauge-theoretic interpretation of this moduh 
space in terms of solutions to Hitchin's equations due to Simpson [35]. The construction 
of the moduli space from this point of view is due to Konno [26]. Let E he a smooth 
parabolic vector bundle of rank r and fix a hermitian metric h in E which is smooth in 
X \ D and whose (degenerate) behaviour around the punctures is given as follows. We 
say that a local frame {ei, . . . , e^} for E around p respects the flag at p if Ep^i is spanned 
by the vectors {eMi+i{p), ■ ■ ■ ,Gr{p)}, where Mj = '^j^iTrij. Let z be a local coordinate 
around p such that z{p) — 0. We require that h be of the form 

\ 

h = 

with respect to some local frame around p which respects the fiag at p. We denote the 
space of smooth 5-operators on Ehj ^ and the space of associated /i-unitary connections 
by Note that the unitary connection associated to a smooth Ba via the hermitian 
metric h is singular around the punctures: if we write z — pexp(i^) and {cj} is the local 
frame used in the definition of h, then with respect to the local frame {e^ = ei/|2;|'^'}, 
the connection is of the form 

/ ai \ 

dA^d + i{ -. ]de + A', 



where A' is regular. 

We denote the space of Higgs fields by 12 = Q^'°(SParEnd(£;) ® 0{D)), the group of 
complex parabolic gauge transformations by '^c ^-nd the subgroup of /i-unitary parabolic 
gauge transformations by 

Following Biquard [3], Konno introduces certain weighted Sobolcv norms; we denote 
the corresponding Sobolev completions of the spaces defined above by , f2^, (^c)2 
and '^^2 (the detailed definitions are not important to us so we refer to [26] for them). 
Let 

Jif = {(Ba, $) G <^ X 12 I (9a$ = 0} 

and let be the corresponding subspace of '^f x ilf . Then J^f carries a hyper-Kahler 
metric induced by h. Let F{A)-^ denote the trace-free part of the curvature of the h- 
unitary connection A corresponding to Ba and let be the adjoint with respect to h. 
One can then consider the moduh space S defined by the subspace of J^ff satisfying 
Hitchin's equation (modulo ^fl"), 

S = {{Ba, ^)eMr\ F{Ay + [$, r] = 0}/^|, 
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where the equation is only defined on X \. D. Konno proves that 5 is a hyper-Kahler 
quotient and that it can be naturally identified with the moduli space 

Furthermore, Konno proves that the natural map Jif/^c — > J^f/{^c)2 ^ diffeomor- 
phism. 

3. Morse theory on the moduli space 

3.1. The Morse function. The non-zero complex numbers C* act on the moduli space 
M. via the map A ■ {E, $) = {E, X^). However, to have an action on the set of solutions 
to Hitchin's equations, one must restrict to the action of C C*. Obviously the 
identification S M. respects the circle action and thus we have a circle action on this 
hyper-Kahler manifold. With respect to one of the complex structures (coinciding with 
the one on A^) this is a Hamiltonian action and the associated moment map is 

(3.1) [{A, $)] ^ -|||$||' = -i / Tr ($$*). 

Jx 

We shall, however, prefer to consider the positive function 

(3.2) /([A*]) = iii*ir- 

In the case of non-parabolic Higgs bundles, Hitchin [23] proved that this is a proper 
map, using Uhlenbeck's compactness theorem. It was observed by Bodcn and Yokogawa 
[6] that the same argument works in the parabolic case, by using the parabolic analogue 
of Uhlenbeck's theorem, proved by Biquard [3]. Thus we have the following result. 

Proposition 3.1. The map f-.M.^'M.is proper. □ 

Next we recall a general result of Prankel [13], which was first used in the context of 
moduli spaces of Higgs bundles by Hitchin [23] . 

Theorem 3.2. Let / : M — > M 6e a proper moment map for a Hamiltonian circle action 
on a Kdhler manifold M. Then f is a perfect Bott-Morse function. □ 

The following result on the Morse indices of such a Morse function is implicit in 
Frankel's paper. 

Proposition 3.3. In the situation of Theorem 3.2, the critical points of f are exactly the 
fixed points of the circle action. Moreover, the eigenvalue I subspace for the Hessian of 
f is the same as the weight —I subspace for the infinitesimal circle action on the tangent 
space. In particular, the Morse index of f at a critical point equals the dimension of the 
positive weight space of the circle action on the tangent space. 
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Proof. The condition for / to be a moment map is that 

grad(/) = IX, 

where X is the vector field generating the circle action and / is the complex structure on 
M. Hence p is a critical point of / if and only if it is fixed under the circle action. Let 
V be the Levi-Civita connection on M, then the Hessian Hj: of / at p is the quadratic 
form associated to the symmetric endomorphism V(grad(/))p of TpM. Let Yp e TpM 
and let the vector field Y be an extension of Yp around p. Then we have 

HfiYp)=VyJIX) 

^-[IX,Y]p, 

where we have used that Xp — 0. On the other hand it is easy to see (of. [13]) that 
the infinitesimal circle action on TpM is given hj Yp \Y, X]p. It follows that the 
eigenvalues of are exactly minus the weights of the circle action on TpM. □ 

Thus we must identify the fixed point set of the action of C C* on M.. This was 
done by Simpson and is analogous to what happens for ordinary Higgs bundles. 

3.2. Fixed points of the -S"^ action on the moduU space. 

Proposition 3.4 ([35, Theorem 8]). The equivalence class of a stable parabolic Higgs 
bundle {E, $) is fixed under the action of if and only if it is a parabolic complex 
variation of Hodge structure. This means that E has a direct sum decomposition 

E ^ Eo®---®Em 

as parabolic bundles, such that $ is strongly parabolic and of degree one with respect to 
this decomposition, in other words the restriction = (^\Ei belongs to 

if°(SParHom(^i, Ei+i) ® K{D)). 

Furthermore, stability implies that $i 7^ for / = 0, . . . , m — 1. The type of the parabolic 
complex variation of Hodge structure is the vector (rk(£^o), ■ ■ ■ , "^^{Em))- D 

Remark 3.5. If m = 0, then E — Eq and $ = 0, corresponding to the obvious fixed 
points {E, 0), with E a stable parabohc bundle. 

The following important fact was also noted by Simpson. For a proof see [1, Propo- 
sition 3.11] (in fact, this deals with the ordinary case but the argument can easily be 
adapted to the parabolic case) . 
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Proposition 3.6. A parabolic complex variation of Hodge structure {E = is 
stable as a parabolic Higgs bundle if and only if the stability condition is satisfied for 
subbundles of E which respect the decomposition E — ^Ei. □ 

Next we need to calculate the weights of the circle action on the tangent space to M. 
at a critical point of /, represented by E = {@Ei, $). By the characterization of the 
critical points provided by Propositions 3.3 and 3.4, we have decompositions 

m m 

ParEnd(£;) = SParEnd(£;) = lJu 

l=—m l=—m 

where we use the notation 

C/z = ParHom(£;i,£;^), = SParHom(£;i, 

j-i=l j-i=l 

We get a corresponding decomposition of the deformation complex 

m 

C'{E)= C"(E),, 

l=—m—l 

where C*(E)i denotes the subcomplex 

C'{E)r. Ui^Ui+i®K{D). 
With this notation we have the following result. 

Proposition 3.7. Let E = represent a fixed point of the circle action on 

M. ■ Then the weight I subspace of T^M. is isomorphic to the first hypercohomology 
Mi(C'(E)_0. 

Proof. It is clear that the derivative of the circle action at E = {E, $) is induced by the 
following map of deformation complexes C*{E, $) C*{E, e'^$): 



C'{E,e"^^): ®Ui ® X(L>). 

In order to work out the circle action on T^Ai from this we need to determine the 
identification M.^{C'{E,^)) = M^{C*{E,e^^^)) induced by the isomorphism between 
(E, $) and (E, e'^$). But it is easy to write down such an isomorphism fg: with respect 
to the decomposition E = ^ Ei we can define fe to be multiplication by e''^ on Ei. The 
corresponding isomorphism between the complexes C*{E,^) and C*(£', e'^$) is given 
by the adjoint Ad(/6)) : ip i— > fei'fe^- Note that fe is unique up to multiplication by 
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scalars and hence Ad{fg) is unique. Since Ad(/5)) is multiplication by e"^ on both Ui 
and Ui, we can write down the induced isomorphism of complexes; the piece in degree I 
is given by 



C"(E,<f)/: Ui 



Ad(/e) 



^ Ui+i®K{D) 

pi(i+i)e 



C*{E,e'^^)i: Ui 



K{D). 



It follows that the derivative of the action of e'^ is the endomorphism of H^(C*(£', $)) 
induced by the composite map of complexes 



whose degree I piece is 



C*{E,^)i: Ui 



Thus M\C*{E, $);) is isomorphic to the weight -I subspace of m^{C*{E, $)) ^ T^M. 

□ 



Summarizing the results of this section so far, we obtain the following. 
Theorem 3.8. The function f:M^R defined by /([A^]) = 

is a perfect 

Bott-Morse function. A parabolic Higgs bundle {E, $) represents a critical point of f if 
and only if it is a parabolic complex variation of Hodge structure, i.e., E = Ei with 

$; = ^\Ei '■ El Eij^i ® K{D) strongly parabolic (where ^ = if and only if m = 0). 
The tangent space to /A at a critical point E decomposes as 

m+l 

TeM = TeMi, 

l=—m 

where the eigenvalue I subspace of the Hessian of f is 

T^Mi^M'{C\E,^)_i). 



Proof. Immediate from Propositions 3.3 and 3.7. Note that since our Morse function / is 
minus the moment map / (cf. (3.1) and (3.2)), the eigenvalue I subspace of the Hessian 
coincides with the weight I subspace for the circle action (with the same sign). □ 
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3.3. Morse indices. 

Proposition 3.9. (i) There is a natural isomorphism 

tf(C*(E)0^tf(C*(E)_^_i)* 

and hence a natural isomorphism 

TeMi = {T^Mi-iY. 
(ii) If El is stable, then we have 

M°(C-(E).) = '^^ = '' 

I otherwise, 

and 

tf(C"(E)0 = 1'^ 

1 otherwise. 

Proof, (i) It follows from Proposition 2.3 (i) that there is an isomorphism of complexes 

(C-(E)0*®i^ = C-(E)_^_i. 

Hence Serre duality for hypcrcohomology gives the first isomorphism of the statement. 
The second isomorphism is now immediate from the last statement of Theorem 3.8. 

(ii) When E is stable we have that EI°(C*(E)) = C, generated by the identity endo- 
morphism of E, and hence the first statement follows. For the same reason as in the 
proof of (i) we have the isomorphism H°(C*(E)/) = ]HI^(C*(E)_i_i)* and thus the second 
statement follows from the first. □ 

Corollary 3.10. Let E represent a critical point of f , /et TeA1<o be the subspace of the 
tangent space on which the Hessian of f has eigenvalues less than or equal to zero and 
let TeM.>o be the subspace on which the Hessian of f has eigenvalues greater than zero. 
Then 

TeM<o = {TEM>oy 

under the isomorphism of Proposition 2.3 (ii). It follows that the dimension ofT-E,Ai<Q 
is half the dimension of the moduli space, i.e., 

dimrEM<o = r-'ig - 1) + 1 + J] 

p 



Proof. Immediate from Propositions 3.9 and 2.4. 



□ 
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Proposition 3.11. Let the parabolic Higgs bundle E = (-E, $) represent a critical point 
of f. Then the Morse index of f at this point is 

Ae = r\2g - 2) + 2 J] + 2x(C"(E)o) 

p 

m m—1 

= r\2g - 2) + 2 J] /p + 2 x(ParEnd(EO) - 2 J] x(SParHom(E^ Ei+^) ® K{D)) 

p 1=0 1=0 

m 

= r2(25 - 2) + 2 5^ + 2 ^ [(1 - 5 - n) x^Eif + ^ dim Pp{Eu Ei) 

p 1=0 p 

m—l 

+ 2 ^ [(1 - ^) Tk{Ei) Tk{Ei+,) - Tk{Ei) deg{Ei+,) + Tk{Ei+i) deg{Ei) 

1=0 

-Y,d^^Np{Ei,Ei+i)j, 
p 

where E = 0;^^ Ei with $ e H^(SPsiTRom(Ei, Ei+i) ® K(D)). 



Proof. Since we are calculating real dimensions, the Morse index is twice the dimension 
of TeA1<o, the subspace on which the Hessian of / has negative eigenvalues. Hence 
Corollary 3.10 shows that 

-Ae = dimTEA<<o 

= dimrEA4<o - dimTEAlo 

= r\g -1) + 1 + J2fp- dimTEMo- 

p 

On the other hand from Proposition 3.9 (ii) we have that EI''(C*(E)o) = C, while 
H2(C*(E)o) = 0. Hence Theorem 3.8 shows that we have 

dimTEMo = dimMi(C'(E)o) 
= l-x(C-(E)o), 

and this finishes the proof of the first identity of the statement of the Proposition. 
The rest can be deduced from the long exact sequence in hypercohomology for the 
complex C*(E)o, analogous to (2.2), and using the same method as in the proof of 
Proposition 2.4. □ 



BETTI NUMBERS OF THE MODULI SPACE OF RANK 3 PARABOLIC HIGGS BUNDLES 17 



Remark 3.12. Obviously, the absolute minima is for m = 0, for which the computation 
in Proposition 3.11 naturally gives 

\e,o) = r\2g - 2) + 2 + 2x(ParEnd(E)) 

p 

^r\2g-2) + 2Y,fp + 2r\l-g) + 2Y,{r'-fp-r') 
p p 

= 0. 

3.4. Rank three parabolic Higgs bundles. Now wc turn our attention to the moduh 
space M of parabolic Higgs bundles of rank three. Let {E, $) be a critical point of /. 
By Theorem 3.8, the only possibilities that we have in this situation are: 

(a) E is a. stable rank three parabolic Higgs bundle and $ = 0. 

(b) E — Eq ® El ® E2 where Ei are parabolic hne bundles. These are line bundles 
with weights at each p & D. The map $ decomposes as strongly parabolic maps 

Eo^ Ei(^ K{D) and E^^ E2® K{D). 

(c) E = Eq (B El where Eq is a parabolic line bundle L and Ei is a rank 2 parabolic 
bundle. Here $ gives a strongly parabolic map : L ^ Ei (E) K{D). 

(d) E = Eq (B El where Eq is a rank 2 parabolic bundle and Ei is a parabolic line 
bundle L. Here $ gives a strongly parabolic map ^0 : Eq ^ L ^ K{D). 

In ) the corresponding critical subvariety can obviously be identified with the 

moduli space of ordinary parabolic bundles. Its Bctti numbers can be computed from a 
formula given by Nitsure [34] and Holla [25]. In Section 10 below we work out explicitly 
what their formula gives for the Poincare polynomial in our situation of rank three 
parabolic bundles. Case (b) involves basically line bundles and divisors and can be dealt 
with easily [29]. The other two cases, (c) and (d), are more involved. They are particular 
cases of objects called parabolic triples, which have been introduced and studied from a 
gauge-theoretic point of view in [4] , and will be studied in Section 4 below. 

3.5. Laumon's Theorem for parabolic Higgs bundles. At this point we make a 
small digression in order to deduce, following Hausel, a parabolic version of a Theorem 
of Laumon from the analysis leading to our calculation of the Morse indices. 

As in the non-parabolic case studied by Hitchin [23, 24], there is a Hitchin map 

r 

X:M^B = ^H'{K{Dy) 

1=1 

defined by taking the parabolic Higgs bundle {E, $) to the characteristic polynomial of 
Since the Higgs field is strictly parabohc, this map takes values in a subspace of B of 
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dimension r'^(g — 1) + 1 + fp, i.e., half the dimension of Ai. The Hitchin map defines 
an algebraic completely integrable system. This means that the r'^{g — 1) + 1 + ^pfp 
functions defined by x Poisson commute, their differentials are linearly independent and 
the generic fibre of x is an open set in an abelian variety. In fact is a symplectic leaf 
of a Poisson manifold equipped with the structure of a generalized integrable system, 
see Bottacin [7] and Markman [30]. 

The pre-image of under the Hitchin map, 

N^X~\0), 

is called the nilpotent cone. The main result of Laumon [28] , proved for the moduli stack 
of Higgs bundles, is that the nilpotent cone is Lagrangian. 

In the non-parabolic case, Hausel [19, Theorem 5.2] proved that the downwards Morse 
fiow on the moduh space of Higgs bundles coincides with the nilpotent cone. His proof 
goes over word by word to the parabolic case, so we have the following Theorem. 

Theorem 3.13. The downwards Morse flow on the moduli space of parabolic Higgs 
bundles coincides with the nilpotent cone N. □ 

As pointed out by Hausel, the nilpotent cone is isotropic because the Hitchin map is a 
completely integrable system. (To be precise, the nilpotent cone being isotropic means 
that its tangent space at any non-singular point of the nilpotent cone is an isotropic 
subspace of the tangent space to M., cf. Ginzburg [14].) Hence the nilpotent cone is 
Lagrangian if its dimension equals half that of the moduh space M.. But this fact 
follows at once from our Corollary 3.10. Thus we have the following version of Laumon's 
theorem for the moduli space of parabolic Higgs bundles. 

Theorem 3.14. The nilpotent cone N is a Lagrangian subvariety of the moduli space 
of parabolic Higgs bundles. □ 

4. Parabolic triples 

4.1. Definitions and basic facts. A parabolic triple T = {Ei,E2,4>) on X consists of 
two parabolic vector bundles Ei and E2 on X and a e if°(SParHom(E2, Ei{D))). A 
homomorphism from T' — {E[, E'^, (f)') to T — (Ei, E2, (f)) is a commutative diagram 

E'2 E[{D) 
E2 E,{D), 
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where the vertical arrows are parabohc sheaf homomorphisms. A triple T' = {E[, E2, 4>') 
is a subtriple of T = (£^1, £^2, 0) if the sheaf homomorphims E[ — > Ei and E2 — > E2 are 
injective. A subtriple T' C T is called proper if T' ^ and T' ^ T. 

Definition 4.1. For any cr e IR the a-degree and a-slope of T are defined to be 

deg^(T) = pardeg(i?i) + pardeg(£2) + cr rk{E2), 



rk(£i) +rk(£2) 

rk(£2 

par//(£i e E2) + a- 



rk(£i) + rk(£2) ■ 
We say T = {Ei, E2, 4>) is a-stable if 

/v(T') < /v(T), 

for any proper subtriple T' = [E[, E2,(j)'). We define a-semistability by replacing the 
above strict inequality with a weak inequality. A triple is called a-polystable if it is the 
direct sum of cr-stable triples of the same cr-slope. 

Let us fix the topological and parabohc types of Ei and E2. We denote by Af^ the 
moduli space of u-stable triples T — [Ei, E2, 0) of the given type. 

Given a triple T = {Ei, E2, d) one has the dual triple T* = {E2. E^, cp*), where E* is 
the parabolic dual of E^ and 4>* is the transpose of 4>. The following is not difficult to 
prove. 

Proposition 4.2. The a- (semi) stability of T is equivalent to the a -(semi) stability of 
T* . The map T ^ T* defines an isomorphism of moduli spaces. □ 

This can be used to restrict our study to rk(£'i) > rk(£'2) and appeal to duality to 
deal with the case rk(£'i) < rk(£'2)- 

There are certain necessary conditions in order for cr-semistable triples to exist. Let 
ri = rk(£'i), r2 = rk(£'2), par//]^ = par/i(£i) and par/i2 = par//(£'2) be the ranks and 
parabohc degrees of Ei and E2, and define 

(4.1) am = par//i - par/i2, 

o\ A , ^1 + ^2 \ . X , ri + r2 . 

(4.2) (Tm = 1 + 1 f (par/^i - par/^g) + ^ 1 r , 11 ^2- 

\ \r1-r2\J \ri-r2\ 

Proposition 4.3. A necessary condition for Af^ to be non-empty is 

(i) crm<cr < ctm, if ri ^ r2, 

(ii) o-m < (y, if ri = r2. 
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Proof. The proof is similar to the one given in [8, Proposition 3.18] for ordinary triples. 



Remark 4.4. The upper bound given for a is not optimal. A better one can be found, 
as will be seen later in Section 6. 

Using the dimensional reduction construction given in [4], the moduli space Af^ can 
be realised as a subvariety of a certain moduli space of parabolic bundles on X x P^. 
Such moduli spaces have been constructed by Maruyama and Yokogawa [31] in arbitrary 
dimensions using GIT methods. 

Another important aspect that follows also from the dimensional reduction point of 
view is the existence of a correspondence between stability and the existence of solutions 
to certain gauge-theoretic equations on a parabolic triple T = {Ei, E2, (p), known as the 
parabolic vortex equations [4]. The parabolic vortex equations 



are equations for Hermitian metrics on Ei and E2 adapted to the parabolic structure. 
Here A is contraction by the Kahler form of a metric on X (normalized so that vol(X) = 
27r), F[Ej) is the curvature of the unique connection on E^ compatible with the Hermitian 
metric and the holomorphic structure of Ei, and ri and T2 are real parameters satisfying 
pardeg(£'i) + pardeg(£'2) = riTi -\-r2T2. Also, here 0* is the adjoint of with respect to 
the Hermitian metrics. One has the following. 

Theorem 4.5. [4, Theorem 3.4] A solution to (4.3) exists if and only ifT is a-polystable 
for a — Ti — T2. □ 

4.2. Parabolic Higgs bundles and parabolic triples. The relation between para- 
bolic Higgs bundles and parabolic triples is given by the following. 

Proposition 4.6. Suppose that {E, $) is a stable parabolic Higgs bundle such that E — 
El ® E2 and 



with (f) : E2 ^ El ® K{D) a strongly parabolic map. Then {E, $) is stable if and only if 
the parabolic triple {Ei ^ K,E2, 4>) is a -stable for a = 2g — 2. 



□ 



(4.3) 



iAF(Ei) + #* = riIdE,, 

lKF{E2)-<P*<P = T2\dE,, 




Proof. Take a sub-object E' (Z E with ^{E') <Z E' K{D). This can be assumed to 
be of the form E' — E[ ® E2 and hence it defines a subtriple {E[ ® K,E'2, 0') where 
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0' = (PIe!^- The result follows now from the equivalence between 

pardeg(£'Q + pardeg(£'2) pardeg(ii^i) + pardeg(£^2) 



< 



ri + r2 



-, and 



pardeg(£;;) + r[{2g - 2) + pardeg(£;^) 



r'l + r'2 r[ + r'^ 

pardeg(£;i) + ri{2g - 2) + pardeg(£;2) 



< 



r2 



ri + r2 ri + r2 

which is the cr-stability of the triple {Ei K, E2,^), ior a — 2g — 2. 



□ 



4.3. Extensions and deformations of parabolic triples. In order to analyse the 
differences between the moduli spaces J\fa- as a changes, as well as the smoothness prop- 
erties of the moduli space for a given value of cr, we need to study the homological 
algebra of parabolic triples. This is done by considering the hypercohomology of a cer- 
tain complex of sheaves, in an analogous way to the case of holomorphic triples studied 
in [9], and the parabohc Higgs bundle case studied in Subsection 2.2. 

Let T' = {E[, E'2, (f)') and T" = {E'l, E'^, (f)") be two parabohc triples. Let Hom(T", T') 
denote the linear space of homomorphisms from T" to T', and let Ext ^(T",T') denote 
the linear space of equivalence classes of extensions of the form 







r 



T" — ^ 0, 



where by this we mean a commutative diagram 
y EL y E2 - 







E[{D) 



E'm 







0. 



Hence, to analyse Ext^(r",r') one considers the complex of sheaves 

(4.4) C"(T", T') : ParHom(E;', E'^) ® ParHom(£;^', E'^) ^ SParHom(E^', E[{D)), 

where the map c is defined by 

C(V'1,V2)=0V2-V'10"- 

Proposition 4.7. There are natural isomorphisms 

Hom(T",T') ^ H°(C"(r",T')), 

Ext^(r",r') ^ H^(C"(r",r')), 
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and a long exact sequence associated to the complex C*{T" ,T'): 
(4.5) 

^ HO ^ ijO(ParHom(£;f, E[) ParHom(£;^', E'^)) //°(SParHom(£;^', E[{D))) 
^ ^ H^PenRomiEl, E[) ParHom(£;^', e()) //^(SParHomJ^;^', E[{D))) 
^ H2 ^ 0, 

where W = ff (C"(r", T')). □ 

We introduce the following notation: 

h'{T", T') = dimff (c*(r", 
X(T", T') = /i°(T", T') - h\T\ T') + T'). 

Proposition 4.8. For any parabolic triples T' and T" we have 

X{T", T') = x(ParHom(£;;', E[)) + x ( Par Horn E'^)) - x(SParHom(£;^, E[{D))) 

where x{E) = dimif°(£') — dim H^{E) is the Euler characteristic of E. 

Proof. Immediate from the long exact sequence (4.5) and the Riemann-Roch formula. 

□ 

Corollary 4.9. For any extension ^ T' — > T ^ T" ^ of parabolic triples, 
X(T, T) = x{T', T') + x(T", T") + x(T", T') + x(T', T"). 



□ 



Proposition 4.10. Suppose that T' and T" are a-semistable. 

(i) ///i.(T') < ^^,{T") then M0(C"(T", T')) = 0. 

(ii) If fiaiT') = iicriT") and T' and T" are both a-stable, then 



\C\T"X)) 



C , if r ^ T", 
, if r ^ T". 



□ 



Corollary 4.11. Let T' and T" he a-semistable parabolic triples with iiaiT') = ii„{T"), 
and suppose that M^{C'{T" ,T')) = 0. Then 

dimExt^(r", T') = h%T", T') - x{T", T'). 

□ 
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Since the space of infinitesimal deformations of T is isomorpliic to EP-{C*{T,T)), the 
considerations of the previous sections also apply to studying deformations of a parabolic 
triple T (the proofs are analogous to the non-parabohc case [9]). To be precise, one has 
the following. 

Theorem 4.12. Let T = [Ei, £'2, 0) he a a -stable parabolic triple. 

(i) The Zariski tangent space at the point defined by T in the moduli space of stable 
triples is isomorphic to M^{C'{T,T)). 

(ii) If'E.'^{C*{T,T)) — 0, then the moduli space of a -stable parabolic triples is smooth 
in a neighbourhood of the point defined by T. 

(iii) H[^(C*(T, T)) = if and only if the homomorphism 

H\PaTEnd(Ei)) ® //^(ParEnd(£;2)) — > //^(SParHom(£;2, Ei{D))) 

in the corresponding long exact sequence is surjective. 

(iv) At a smooth point T e Af^ the dimension of the moduli space of a -stable parabolic 
triples is 

dimK ^ h\T,T) ^ 1 - X{T,T) 
^ ■ ^ = x(ParEnd(£;i, E^)) + x(ParEnd(£;2, E2)) - x(SParHom(£;2, Ei{D))) 

(v) If (f) is injective or surjective then T = {Ei,E2,(p) defines a smooth point in the 
moduli space. 

□ 

5. Critical values and flips 

5.1. Critical values. A parabolic triple T = {Ei,E2,(f)) of fixed topological and para- 
bolic type is strictly cr-semistable if and only if it has a proper subtriple T' = {E[, E2, (j)') 
such that Ha{T') = fJ'a{T), i.e. 

(5.1) par//(£;; © E'^) + a , = par//(£;i © E2) + a , 

Ti + ri + r2 

where ri,r2,r[, r'2 are the ranks of Ei, E2, E[, E2. There are two ways in which this can 
happen. The first one is if there exists a subtriple T" such that 

r2 r2 
, . / = — and 
r'l + r2 ri + r2 

^&xn{E[ © E'^) = par//(£;i © E2). 

In this case the terms containing a drop from (5.1) and T is strictly cr-semistable for all 
values of a. We refer to this phenomenon as a -independent semistability. 
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The other way in which strict cr-semistabihty can happen is if equahty holds in (5.1) 
but 

^2 _^ ^2 

r'^ + r'2 ri + r2 
The values of a for which this happens are called critical values. 

From now on we shall make the following assumption on the weights. 

Assumption 5.1. Let ai{p) be the collection of all the weights of Ei and E2 together. 
We assume that they are all of multiplicity one and that, for a large integer N depending 
only on the ranks, they satisfy the following property: 

rii^p aiip) e Z, rii^p e Z, \nij < N =^ n^^p = 0, for all p, i . 

l<i<r,peD 

The weights failing this genericity condition are a finite union of hyperplanes in [0, 1)"''', 
where nr is the total number of weights, r = ri + r2. 

Proposition 5.2. (i) Under Assumption 5.1, there are no a -independent semistable 
triples (by taking N larger than ri + r2). 

(ii) The critical values of a form a discrete subset of [am, 00), where am is as in 

(4.1). 

(iii) If ri 7^ r2 the number of critical values is finite and they lie in the interval 

[am,aM], where aM is as in (4-2). 

(iv) The stability criteria for two values of a lying between two consecutive critical 
values are equivalent; thus the corresponding moduli spaces coincide. 

(v) If ac is a critical value and T' is a subtriple of a ac-semistable triple T such that 
li„^{T') = n„^{T), then T' and the quotient triple T" — T/T' are ac-stable (for 
this, it may be necessary to take a larger value of N in Assumption 5.1). 

□ 

5.2. Crossing critical values and universal extensions. In this section we study 
the differences between the moduli spaces Ma, for fixed type but different values of a. 

We begin with a set theoretic description of the differences between two spaces Ma 
and Ma' when a and a' are separated by a single critical value (as defined in Subsection 
4.1). For the rest of this section we adopt the following notation: when ri 7^ r2 the 
bounds am and ctm are as in (4.1) and (4.2). When ri = r2 we adopt the convention 
that (Tm = 00 ■ Let Uc G R be a critical value such that 

Set 

(7+ = (7c + e, cr~ = (7c - e. 
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where e > is small enough so that (Jc is the only critical value in the interval (T+). 

Definition 5.3. Let cTc be a critical value. We define the flip loci S^± C A^^i by the 
conditions that the points in represent triples which are cr^-stable but (T~-unstable, 
while the points in S^- represent triples which are (T~-stable but (Tj"-unstable. 

Lemma 5.4. In the above notation, 

□ 

As a consequence of Proposition 5.2 (v) we have the following. 

Proposition 5.5. Let he a critical value. Let T — {Ei, E2, (f) he a triple of this type 
which is (Tc-semistahle. Then T has a (unique) description as the middle term in an 
extension 

(5.2) ^ T' ^ T ^ T" ^ 

in which T' and T" are ac-stahle and HadT') = l^adT) = IJ'adT")- D 

We thus have the following. 

Proposition 5.6. The set coincides with the set of equivalence classes of extensions 
(5.2), in which T' and T" are ac-stable, fi^d^') = f^adT) = /io-^(T"), and r^r' < r'^/r" . 

Similarly, S^^ coincides with the set of equivalence classes of extensions (5.2), in 
which T' and T" are ac-stahle, ii^d'^') = t^^d'^) — A^o-cl^")? '^"^ rg/r' > r2/r"; or, 
equivalently, extensions 

0-^T" ^T ^T' ^0 
where T' and T" are as ahove, hut r'2/r' < r'^/r" . □ 

To construct the locus (S^±, we first observe that, by the genericity of the weights, 
the moduli spaces M'^ and M'^ are fine moduli spaces (cf. [39]), i.e., there are universal 
parabohc triples T = {S[,S'J,^') and T" = {8'{,£'^,^") over H'^^ x X and N'^^ x X 
respectively. Let B = J\f'„^ x J\f"^ and let pull back T' and T" to BxX. Considering the 
complex C*{T", T') as defined in (4.4), taking relative hypercohomology M^{C* {T" , T')) 
with respect to the projection tt : B x X ^ B, and putting 



(5.3) 



w+ :=<(c«(r",r')), 
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we have the following exact sequence of sheaves over B: 
(5.4) 

^ H° (C"(r", r')) -> TT, ParHom(^^', S!^) © ParHom(^(', £[) tt, SParHom(^^', £[{D)) 

^ ParHom(£^', © ParHom(£(', S[) SParHom(£^', £[{D)) 

Analogously, we can consider the complex C*{T',T") and define 

w- :=H^(C"(r',r")). 

Proposition 5.7. // H2(C*(T", T')) = for every {T',T") e jV^^ x AC^, ^/len 1^+ 
defined in (5.3) is locally free. Similarly for W~ . 

Proof By Proposition 4.10, (C"(T", T')) = for every (T', T") G Af^^ x A/"^'^ and 
hence (C*(T", T')) = 0. By assumption Ml{C'{T" ,T')) = and the result' thus 
follows from (5.4). □ 

Remark 5.8. In our applications, the vanishing assumption in Proposition 5.7 will always 
be satisfied due to the small rank of the bundles involved. In fact, the vanishing is 
probably true in general for cr > 2*7 — 2, as in the non-parabolic case [9]. 

Clearly, from Proposition 5.6, we have the following. 

Proposition 5.9. If m\C'{T" ,T')) = and If{C'{T',T")) = for every {V ,T") e 
AC. X ACl, then 

S + = FW^. 

□ 

The following will be important to study the relation between A^- and . 
Proposition 5.10. Over¥W^ x X there is a universal extension 

(5.5) ^ r' e)pw.+(i) ^ r+ ^ t" o, 

where T'^Opw+{^) '■= (^i®C'piy+(l), ^2®^pvv+(1); ^') ('we omit pull-backs for clarity). 
Similarly, on ¥W~ x X there is a universal eoctension 

Q^T"® CpvF-(i) ^ r- ^ T' ^ 0, 

where T" ® Opvk-(I) := ® O^w- (1), ® 0^w-{'^), ^")- 
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Proof. The proof is analogous to the one given by Lange [27] for extensions of sheaves. 
In fact, our result could be derived from that one by making use of the correspondence 
between parabolic triples over X and SL(2, C)-invariant parabolic vector bundles over 
X xF^ (cf. [4]). Hence we only give the main ingredients of the proof. 

Let {r, T") eB^N'^^x Af^. Let W = m\X, C*{T", T')), and let P = P(W). Over 
¥ X X there is a universal extension 

(5.6) ^ ^ T ^ T" ^ 0, 

where T'(l) := {E[ (g) Op(l),E2 ® Op(l),0') and we are omitting pull-backs. By the 
universal property of this extension we mean that T restricted to {p} x X is a triple 
whose corresponding equivalence class is precisely p e P. Extensions like (5.6) are 
parametrised by ]HI-^(P x X, C*{T", T'{1))) which by the Kiinneth formula is isomorphic 
to 

M\X, C'{T", T')) (g) H^{¥, Op(l)) ^ W (8) W* ^ End(W). 

One can show that the identity element in End(W) defines the universal extension. 

To prove the relative version stated in the proposition, we consider the spectral se- 
quence 

HP{B,mi{C'{T\T'))) =^ IF+%B X X,C'{T",T')) 

relating relative and global hypercohomology groups. Since H[^(C*(T", T')) = 0, the 
induced map 

m\B X X,C'{T",T')) H%B,Ul{C'{T",T'))) 
is an isomorphism. Similarly, if P := Pl^"^, we have an isomorphism 

U\P X X, C'{T", T' ® Op{l))) ^ //°(P, ml(C'{T", T' ® Op(1)))), 

where u : P x X P is the canonical projection. 

Now, write p : P ^ B for the projection. Again omitting pull-backs when convenient, 
we have that the image of the identity of under the canonical isomorphisms 

H\B, End W+) - H%B, W+ ^ (VF+)*) = H\B, ® P*Op{l)) 

= ii'°(S,p,(pW+®Cp(l))) 

= H\P,p*(ml{C-{T",T'))) Op{l)) 

= //°(p, ml{c'{r", r ® c»p(i)))) 

is a nonvanishing section defining the universal extension (5.5). A technical ingredient 
in proving the universal property is the commutation of M^{B x X,C*{T" ,T')) with 
base change (see [27] for details on the analogous situation of extensions of sheaves) . □ 
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5.3. Flips. Now we assume that A/"^+, A/"^-, M'^^ and N'^^ are smooth. Also assume that 
ff(C"(T",T')) = and W^{C\T\T")) = for every (T',T") e A^^ x A^- This will 
always be the case in our applications. In order to relate H^- and we have to blow 
up M^± along «S^± . For this it is necessary to study the normal bundle to S^± — 



Proposition 5.11. Let p : B be the natural projection and j : ^ J\f^± be 

the natural inclusion. Then there is an exact sequence 

— > TFW^ — > fTM^± — > p*W^ ® Cpiy±(-1) — > 0, 
and hence, the normal bundle to S^± — FW^ inj\f^± is isomorphic to p*W^<S>Of>w±i—^)■ 
Proof. We consider the case of Af^+ — the case of J\f^- is analogous. Over J\f„+ x X there 
is a universal triple T — (£i,£2,$), whose restriction to — FW'^ is the universal 
extension in (5.5). The tangent bundle of is given by the relative of the 
complex 

ParHom(£:i, £i) ParHom(£:2, £2) — > SParHom(£:2, Si{D)) 
over J\f^+ X X with respect to the natural projection J\f^+ x X — > J\f^+ . 
Denote £1(1) = £■ ® Opvi/+(l) and define 

PaYRomu{£i,£i) := ker (ParHom(£i, f^) ParHom(£;(l), 

and 

SParHom^(^2,^i(^)) := kcr (SParHom(^2, ^i(^)) ^ SParHom(4(l), ^('(i:)))) . 

The tangent bundle of FW'^ is the relative with respect to the projection FW~^ xX ^ 
FW~^ of the middle complex in the following exact sequence of complexes 

ParHom(£:f , £[(1)) ParHom(£:^', £^{1)) — > SParHom(£:^', £[(1)(D)) 

I I 
ParHom[/(£i, £1) © ParHom[/(£2, £2) — > SParHom[/(£2, ^i(^)) 

i i 
ParHom(£((l), £[{1)) © ParHom(^^(l), £^(1))® SParHom(£^(l), £((1)(D))© 

© ParHom(£:{', £'^) © ParHom(£:^', £^) — > © SParHom(£:^', £^{D)). 

Note that when passing to cohomology, this gives us the exact sequence 

— > TvFW+ — > TFW+ — > T{J\f'^^ x AC'J — ' 0, 
where 7VPW^+ = p*W''{l)/0^w+ is the vertical tangent bundle. 
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Therefore the normal bundle to FW^ is the relative of the quotient complex in 
the following exact sequence of complexes 

ParHomc/(£i, Si) © ParHomc/(£2, ^2) — > SParHom[/(£2, ^i(^)) 

i i 
ParHom(£:i, £1) © ParHom(£:2, £2) — > SParHom(£:2, Si{D)) 

I I 
ParHom(£((l), © ParHom(£^(l), — > SParHom(£^(l), 

and it is hence isomorphic to p*W~ ^ 

In particular, we conclude that the embedding ^ M^± is smooth. So we can 

blow-up N^± along to get N^± with exceptional divisor E± C such that 

Note that Oe±{E±) = Oj-w+i-l) ^ Opu^-(-l), by Proposition 5.11. 
Proposition 5.12. There is a natural isomorphism = A/"^-. 

Proof. Let T be the universal triple over J\f^+ x X. By Proposition 5.10, the restriction 
of T to X X lies in the universal extension 

(5.7) ^ r' ® 0pH.+(i) ^ r|pH^+,,x ^ T" ^ 0. 

Now pull back T by the blow-up map q : — > Consider the composition 

q*r q*T\E+xX q*i*'T", where i : FW+ x Af^+ x X. Since g*i*r" is a triple 

formed by two bundles supported on a divisor, the kernel is a triple (i.e. it is formed by 
two bundles, and not just coherent sheaves). Define the triple T on J\f^+ x X by the 
exact sequence 

(5.8) — >f^ Opw+{l) — > q*^ — > q*i.r" — > 0. 
(This is called an elementary transformation.) 

Let us see that all the triples in the family T are (7~-stable. Therefore this defines a 
map J\f^+ — > AAo--. Obviously, off £"+ x X, T = T is the family parametrising triples 
which are cr^-stable and o"~-stable at the same time. Tensoring the exact sequence (5.8) 
with Oe+xx, we obtain, over £"+ x X, 

^ Tor(q*ia", Oe+xx) ^ f\E^xX O^w+i^) ^ g*^U+xX ^ q*i*T" ^ 0. 

Since Tbr(g*i,r", Oe+xx) = T" (g) Oe+xx{-E+ x X) ^ T" ® OpvK-(l) ® C)pw+(1), and 
also using (5.7), we get a triple 

(5.9) ^ r" ® Orw-C^) ^ ^U+xx 
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We have to check that all extensions in the family (5.9) are non-trivial. For this, restrict 
to the fibre FW^ x ¥W~ over a point b E B. This corresponds to fixing some specific 
triples T' and T". We have an exact sequence 

^ T (8) Ojp^r- (1) — >■ '^Iww^xww^xx T ^ . 

This extension class is parametrised by 

Ext^(r',r" Op^-(l)) = W,- H'{0^^-{1)) = End(W-,-). 

Moreover the linear group GL(iy^~) acts on . The extension class is invariant by 
this action, therefore it is a linear multiple of the identity. Letting b move in B we 
have a section of End(l^~). Since this is a multiple of the identity, it lives in C • Id C 
End(VF), therefore it is a constant multiple of the identity. This cannot be constantly 
zero for, otherwise, it would be f\E+xx = T'® (T"(8)OpvK-(l))- Then Hom(T, g*i*T" (g) 
OpvK-(l)) 0- Hence (5.8) would imply that the map 

(5.10) Ext^(r" ® e)pvF+(-i),^" ® Ovw-i^)) Exti(r ® e)piy+(-i),^" ® C'pw-(i)) 

is not injective. On the other hand, using the proyection tt : J\f^+ x X ^ in (5.7) 
we have that 

Hom^(r", T") ^ Hom^(r, T") , 

Exti(T",T")^Exti(T,T"), 

as bundles over Twisting by Opw^+(l) ® 0^w-{^) and using the spectral sequence 

i^^(A/;+, Ext^(-, •)) ^ ff+^(A/;+ X X, c-(-, •)) 

we have that (5.10) is injective, giving a contradiction. 

Hence the extension class of (5.9) is a non-zero multiple of the identity. This gives a 
map — > M^- which restricts to as the natural projection on the second factor 
E+ = PTy+ X B FW~. Analogously we obtain a map J\f^- Af^+. So there are 

two injective maps J\f^± J\f^+ x J\f^- . Their images are both the closures of the image 
of J\f^± \ E±, which are the same. So they coincide. □ 

Remark 5.13. Let ctc be a critical value. If w+ = rk(l^+) > and w~ — rk(Vl^~) > then 
the moduli spaces jV^- and J\f^+ are birational. This is true because w'^ + w~ + dim B — 
1 = dimjV'^i by Corollary 4.9, and the fiip loci S^± have dimension + dimS — 1. 
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6. Parabolic triples with ri = 2 and r2 = 1 

In this section we use the results of Section 5 to compute the Poincare polynomial 
of the moduli space of parabolic triples for the case ri = 2 and r2 = 1 and for 
non-critical values of a. We are studying triples of the form (p : L ^ Ei{D), where L is 
a parabolic line bundle with deg(L) = ^2 and weights a{p), and Ei is a parabolic rank 2 
bundle with deg(ii^i) = di and weights Pi{p) < P2{p)- By Theorem 4.12 (v), the moduh 
space of stable elements in J\f^ is smooth. Moreover, applying the exact sequence (4.5), 
one can easily show that we are in the situation given in Proposition 5.7. 

6.1. Flips. By Subsection 5.1, there are the following three possibilities for the existence 
of critical values: 

• r[ = 1 and r2 = 0. Then the subtriple T' is of the form — > M{D), where M is 
a line bundle of degree dM- Since M inherits weights from Ei, there is a function 
e = {£{p)}peD, which assigns to each p e D a, number £{p) e {1,2} such that 
the weight of M at p is Pe{p){p)- We have an exact sequence of triples 

— > L — > L 

J, J, J, 

M{D) — > Ei{D) — > F{D). 

The quotient triple is of the form L — > F{D), where F is a parabohc line bun- 
dle of degree di — du and weights I3^{j,){p), with ^■(p) = ?, — e{p). Note that 
{Pe{p){p),l3<;{p){p)} = {/3i(p),/32(p)}- By (5.1), the critical value is 

(6.1) CTc = Mm - rfi - 0^2 + (2l3e{p){p) - a{p) - P^(p){p)) ■ 

p 

As described in Subsection 5.3, this defines the subspace Scr^+ — PW^, where 

wx = X Ac: 

(we shall make the dependence on cXc explicit in this section, since we shall be 
working with various flip loci simultaneously). The moduli space parametriz- 
ing the possible parabolic hne bundles M with fixed weights I3e{j,){p) is M'^^ — 
Jac'^^X. The moduh space parametrizing triples of the form L F{D), 
which are parabolic line bundles with fixed weights is Jac'^^X x S'^X, where 
N — deg SParHom(L, F{D)). To compute this we use the following. 

Lemma 6.1. Let Li,L2 be two parabolic line bundles with weights otLiip) and 
Q^L2(p); respectively. Then 

SParHom(Li, L2 (g) K(D)) ^ Hom(Li, L2 K(S)) , 



O. GARCIA-PRADA, P.B. GOTHEN, AND V. MUNOZ 

where S = {p e D \ ai^ip) < c^L^ip)}- 

Proof. By definition, a strongly parabolic map $ : Li — > L2 satisfies 

Resp$ = <(=^ Q;li(p) > ttLab)- 
From this the result is clear. □ 

In our case, we introduce the following notations: 

51 = {pe D\ a{p) < f3,(p){p)} , 

52 = {pe D\ a{p) < I3s{p){p)} , 
S3^{peD\ Ps{p){p) < P,{p){p)} , 

Sl = #'S'i, S2 = #'S'2, S3 = #'S'3 . 

Then 

N = deg SParHom(L, F{D)) = deg Hom(L, F{Si)) = 
= deg(F) - deg(L) + si = di - d2 - cIm + si. 

Now PW^^ is a projective fibration over B^r^ with fibres projective spaces of 
dimension — 1. By Proposition 4.8 and Corollary 4.11, 

wl^dunE^t\T",T')^-x(T",T') 

= -x(ParHom(F, M)) + x(SParHom(L, M{D))) 
= -x(Hom(F, Mi-Ss))) + x(Hom(L, M{S2))) 
= di — d2 — dM + S2 + S3 . 

• r[ = 1, r2 = 1. Then the subtriple T' is of the form L F{D) and the quotient 
triple is of the form — > M{D), yielding an exact sequence 

L — > L — > 

F{D) — ^ E{D) — ^ M{D), 

where M is a line bundle of degree dM and weights I3e{j,){p), for some e — 
{s{p)}p£D-i and F is a parabolic hne bundle of degree di — du and weights (5^(p){p), 
with q{p) = 3 — e{p). The critical value is again given by (6.1). These extensions 
define the subspace S^^^- — ^W~^, where 

W- — > B^^ X K = Jac'^^X X Jac'^^X x X , 
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with N as in (6.3). Now PVF^^ is a projective fibration over with fibres 
projective spaces of dimension — 1 where 

w,^ = h\T\ T") = -x{T\ T") = -x(ParHom(M, F)) = 

= -x(Hom(M, F{-{D - S^)))) = 2dM - + g - I + n - . 

• r[ = 2, r'2 = 0. Then the triples T are extensions of — > i?i by L ^ 0. The 
critical value is cTc = paifii — par/Xg = CTm, which is the minimum possible value 
for the parameter a. At this value, the moduli space J\f„- = and AC.+ = S„+ . 
This can be described exphcitly as a projective fibration over a product of a 
Jacobian and a moduli space of rank 2 stable parabolic bundles, but we will not 
go into this since we shall not use it. 

Remark 6.2. Since we are taking generic values for the weights, the values of (Tc are 
distinct for the different choices of dM and e. The genericity condition was necessary in 
Section 5 to have smooth flip loci, and this is essentially due to the fact that at a critical 
value, the Jordan-Holder filtrations arc of length at most two. In the case we treat here, 
ri = 2 and r2 = 1, the Jordan-Holder filtrations are of length at most two even with 
non-generic weights, because the ranks are too small. Therefore the computations of 
this section work as well for the case of distinct non-generic weights. Of course, we shall 
need the genericity of weights at many other places in the coming sections. 

Remark 6.3. Let ai be the largest critical value. This means that the moduli space 
=0, i.e., S^- =M,-. Since 

dim B^^ + + - 1 = dim jV^i , 

by Corollary 4.9, we have that w'^^ — 0. By (6.4), this corresponds to the case S3 = 
and di — d2 — du -\- S2 — 0, i.e., when L = ^(^"2) C F{D). In this case N"^- equals 

Also aL < ctm] in general they are not equal. The value of obtained in (6.1) is 
always slightly smaller than that of ctm in (4-2). 

6.2. PoincEire polynomial of moduli of triples. Let (Jc be a critical value as in 
Subsection 6.1 with the only condition cr^- Then we have that 

(6.6) PtiK,) - PtiKt) = Ptm^j - mw^j ■ 

Note that this formula also holds when = or wz: = 0. For instance, if = 
then = and S^- = FW'^ is of the same dimension as A/"^- , hence it is a component 
of it. So (6.6) holds. In particular we can use (6.6) for cTc = ai (see Remark 6.3). But 
we cannot use it for ac — (Tm (see Remark 6.5). 
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Theorem 6.4. Let a > be a non-critical value. For any s = {£{p)}peD, ^{p) ^ {1; 2}, 
let si,S2, ss be given by (6.2) and 



d 



M 



^{di + d2 + Y, («W + (^^(p)iP) - '^Pe{p)ip)) + 



+ 1, 



3 

where ^■(p) = 3 — e(p) and [x] is the integer part of x. Then Pt{J\fa) equals 



yCoeff 



l + t)^s{l+xtfH 



2di—2d2+2s2+2s3—2dMj.dM 



(1 - t2)(l - X)(l - Xt2)(l - t-^x)x^^-d^+'^ 

I _|_ + a;^)2g^-2di+2c,-2+2n-2s3+4dM2,'^M 



(1 - t2)(l -X){1- Xt^){l - t^x)x<^^-'^^+'^ 

Proof. Prom (6.6), we have that 



<Tc>cr 

= E i_,2 (l + tr-Coeff( + 



by [29] 



+2di-2d2-2dM+2s2+2s3 _ +4dM-2di+2g-2+2n-2s3 

= T.- r^l 

crc>(T 

• Cocff f (1 + , , ^ ^ by (6.3), (6.4) and (6.5) 

.x» \{\ - :r){\ ~ xi^)x'^^-'^'^-'^M+'^ ) h\ J \ J 

^ xo V(l-i')(l-a:)(l-a;t2)a;'=fi-<i2+.i 

e (iM|<''c>o' 
(l+t)^^(l + Xt)2Pt-2-^^+2,-2+2n-2.3 

(l-t2)(l-a;)(l-a;t2)a;'^i-«f2+«i 



The condition for is 

cTc = 3(iM - rfi - ^2 + E - «(p) - /5?(p)(p)) > 0- , 

which translates into 

dM>^(di + d2 + J2 {^(P) + ^<^{p)iP) - '^(^e(p){p)) + <y) ■ 
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Since o is not a critical value, we cannot have equality, so the right hand side is not an 
integer. The inequality becomes du > du, with du as in the statement. Now 



dM—dM 

oo 



"^dM r^dM 



idM r^dM — 



j—2dM j.dM 

1 - t-'^x ' 

^idM r^dM 



So finally 



_ V-p / (1 + + a;t)2gt2di-2d2+2.2+2.3^-2dM^.lM 

Pt[Ma) - Z^^°o^^ (^(1 _ ^2)(1 -x){l- Xf'){l - t--'x)x'^^-d2+s, 

(^1 _)_ tY9{l _|_ 2;t)2g^-2di+2g-2+2n-2s3^4dM2;'iM 

(1 - - x){l - xt^){l - t*x)x'i^~'^^+'^ 



□ 



Remark 6.5. The formula in this theorem only works for a > For a < a^, is 
empty, but the formula above does not give zero for such values. 



7. Critical submanifolds of type (1, 1, 1) 

7.1. Description of the critical submanifolds. In this section we consider the criti- 
cal points of the Bott-Morse function / represented by parabohc Higgs bundles (£■, of 
type (1, 1, 1), i.e., of the form = Li © L2 © I/3 where Li are parabolic line bundles, i.e., 
line bundles with weights at the points p & D. We denote the (fixed) weights of {E^ $) 
at p G -D by < Q;i(p) < a2{p) < Q^sip) < 1- Each possible choice of the distribution of 
these weights among the line bundles Li is given by a permutation zup G 5*3 such that the 
weight on the fibre L^p at p is 0!i^p(i){p) = C(^{i){p) for / = 1, 2, 3. The map $ decomposes 
as strongly parabolic maps $1 : Li — > L2 (8) K{D) and $2 : -t'2 — ^ -^3 ® K{D). 

We define 

di = deg{Li) for/ = 1,2,3, 
m — di-\- ^2- 

We shall choose to describe the topological data (di, d2i dz) using the parameters (di, m. A), 
where A = di + ^2 + dz- In terms of this data we have d2 — m — di and ds — A — m. 
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We also introduce the notation 



F{a,'nj) = ^(q;i(p) + a2{p) + as{p) - 3a^(3)(p)), 

(7.1) 

G{a, zu) = ^(2q;i(p) + 2a2{p) + 2a3{p) - 3q;^(2)(p) - 3q;^(3)(p)). 

Proposition 7.1. A parabolic Higgs bundle (Li © L2 © L3, $) of type (1, 1, 1) is stable 
if and only if the maps $1 and $2 o-fe non-zero and, furthermore, 

3m > 2A - F{a,w), 
3di > A - ^(q;,^). 

Proof. It is immediate from Propositions 3.4 and 3.6 that a parabohc Higgs bundle of 
type (1, 1, 1) is stable if and only if the conditions par/i(L3) < par/x(£') and par/x(L2 ® 
L3) < par//(£') hold and $j 7^ for Z = 1, 2. Prom this we obtain the characterization 
given in the Proposition by calculating the relevant parabolic degrees: 

pardeg(£;) = A + J^(q;i(p) + a2{p) + q;3(p)) , 
pardeg(L3) = 4 + ^ 0^(3) (p) 

= A-m + 2^a^(3)(p) , 
pardeg(L2 © L3) = ^2 + (is + ^("177(2) (p) + at:^(3)(p)) 

= A - di + ^(a^(2)(p) + q;^(3)(p)) ■ 
peD 

Thus we get 

par//(L3) < par 
3A - 3m + 3 tt^t7(3)(p) < A + ^{ai{p) + q;2(p) + as^)) 

3m > 2A - F(q;, ro) , 
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while 

par//(L2 ® -L3) < par//(£') 
<^ 3A-3di + 3^(Q;^(2)(p) + o;^(3)(p)) < 2A + 2 ^(o;i(p) + Q;2(p) + Q;3(p)) 

<^ 3di > A - G{a,w) . 

□ 

Denote by A/(i 1 m, the critical submanifold of parabolic Higgs bundles of 
type (1, 1, 1) with invariants {di,m) and weights given hy zu — {wplpg^. Introduce the 
following notation 

Si^ {pe D \ q;^(i)(p) > a^(^2)ip)}, 

(7.2) S2^{pe D\ Q;^(2)(p) > 0£^{3){P)}: 

There is no risk of confusion with the sets S-i, S2 defined in Section 6, since this notation 
will only apply to this section. By Lemma 6.1, 

SParHom(L;, L;+i ® K{D)) ^ ilom{Li, U+i ® K{D - Si)) 

for Z = 1,2. We let for Z = 1,2, 

mi = dcg(Hom(L;, L^+i ® K{D - Si))). 

Then 

mi — d2 — di + 2g — 2 + n — si 
— m — 2di + n — si + 2g — 2, 

(7.3) 

m2 ^ d3 — d2 + 2g — 2 + n — S2 

^ A-2m + di + n- S2 + 2g -2. 

Proposition 7.2. The critical submanifold J\f(i^i^i){di,m,w) is non-empty if and only 
if the following conditions are satisfied 

3m > 2A - F{a,tu), 
3di> A- G{a,w), 
mi > <^=^ 2di — m < n — Si + 2g — 2, 

7712 > <^ 2m - di < A + n - S2 + 25^ - 2, 
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where F and G were defined in (7.1). Moreover, the map 

AfiiXi){di,m.,w) Jac'^i(X) x S'^'X x S'^^X 
(Li ©L2©L3,$i,*2) ^ (Li,div($i),div($2)) 
is an isomorphism. 

Proof. Proposition 7.1 shows that the conditions in the statement are necessary for 

J^{i,i,i){di,m,w) to be non-empty. 

Assume now that we are given {di,m,uj) satisfying this conditions. For any hne 
bundle Li in Jac'^i(X) and effective divisors e S'^^X and D2 G S'^^X we get hne 
bundles Mi — 0{Di) with non-zero sections determined up to multiphcation by 
nonzero scalars for Z = 1, 2. We then obtain a parabolic Higgs bundle of type (1, 1, 1) by 
letting 

L2 = L, ^ K-\Si - D) ® Ml, 
L^ = L2®K-\S2-D)^M2, 

and defining $ to have components $1 and $2- Clearly this parabolic Higgs bundle has 
the desired invariants {di,m,w) and, if the conditions in the statement are satisfied, 
then Proposition 7.1 shows that it is indeed stable. 

It follows from this construction that the map given in the statement of the Proposition 
is surjective. To see that it is injective, we note that taking non-zero scalar multiples of 
the Higgs fields $1 G H\L^^ ® L2 ® K{D - Si)) and $2 G H%L2^ ® L3 ® K{D - S2)) 
gives rise to isomorphic parabolic Higgs bundles of type (1, 1, 1). Thus the map given 
is, in fact, an isomorphism. □ 

Corollary 7.3. The Poincare polynomial of the critical submanifold J\f(i^i^i){di,m,uj) 
is 

PMi 1 1) {di, m, w)) = (1 + t)^^ Coeff (- 1 • 

ty (L,L,L)y L, , jj y j ^^^^ \{1 - x){l - xt^)x'^^ {1 - y) {1 - yt^)y"'^ J 

Proof. Immediate from MacDonald's formula [29] for the Poincare polynomial of a sym- 
metric product of X. □ 

The total contribution to the Poincare polynomial of M. from submanifolds of type 
(1,1,1) is 

(7.4) P,(A, (1,1,1)):= J2 t^''--'-'Pt{M^i,i,i){di,m,w)), 
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where X(^di,m,tu) is the index of the critical submanifold A/(i,i,i)((ii, m, tu) and the sum is 
over all permutations zu = {wp}p(zD G {S^Y pairs of integers (rfi,m) such that the 
bounds of Proposition 7.2 are satisfied. 

Lemma 7.4. The index of the critical submanifold H{i^\^i){di,m,VD) is 
\di,m,zu) = 2(4^/ - 4 + n + Si + S2 - A + di + m). 

Proof. The formula for the Morse index is given in Proposition 3.11. 

Wc need to calculate, for each p E D the numbers fp and the dimensions of the spaces 
Pp and Np, which enter in this formula. 

Recall (from Proposition 2.4) that fp = (l/2)(r^ — ^jmj(p)^). Since the multiplicities 
are all 1 and r = 3 we get fp = (l/2)(9 — (1 + 1 + 1)) = 3 and hence 



For p E D, the space Pp{Li,Li) consists of the parabolic endomorphisms of Li^p, so 
dim Pp(L;,L;) = 1. The space Np{Li, Li^i) is the space of strictly parabolic maps from 
Li^p to Li+i^p and hence 



Np{Li, Li+i) 



1 Hom(L;^p, L;+i^p) otherwise. 



Recalling from (7.2) the definition of Si, it follows that 



dim Np{Li,Li+i) 



iipeSi, 

1 iipeD-Si, 



and thus 



^ dim Np{Li,Li+i) = n - si 
p 
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Substituting this in the formula for the Morse index we get 

3 



\d,,m,^) - r2(2^ - 2) + 2 5^ + 2 ^ ((1 - <7 - n) rk(L;)2 + dim Pp(L;, L;)) 

p 1=1 p 

2 

+ 2 ^((1 - ^) Tk{Li) rk(L,+i) - Tk{Li) deg(L,+i) + rk(L^+i) deg(Li) 

1=1 

-^dimiVp(L,,Li+i)) 

p 

= 9{2g - 2) + 2 ■ 3n + 2(3(1 - g - n) + 3n) 

+ 2(2(1 -g)-d2~d3 + di + d2-{n-si+n- S2)) 
= 2{4g -4 + n + Si + S2- A + di + m) . 



□ 



7.2. The sum for fixed zu. We shall now calculate the total contribution (7.4) to the 
Poincare polynomial of Ai from sub manifolds of type (1,1,1) in several stages. We 
begin by doing the sum over {di,m) for a fixed permutation w. 

Lemma 7.5. Let w — {vj^y^o £ (-S's)" he fixed. Then 

Vt'^-^i— 'Pi(A/'(i,i,i)(rfi,m,€u)) = Coefr^(t^), 

d\ ,m 

where we have defined 

= ^2(45-4+n+si+S2-A+di+m)/-| , ^\2g (^ + ^^)^^ (1 + Z/Q^^ 

d>d {1 - x){l - xt^)x"'^ {1 - y){l - yt^)y"'^ 

m>m 

with 

m=[{2/3)A-{l/3)F{a,w) + l], 
^^'^^ di = [{l/3)A-{l/3)G{a,w) + l]. 



Proof. The identity would be clear from Corollary 7.3 and Lemma 7.4 if the latter sum 
were over {di, m) satisfying the conditions of Proposition 7.2. Now, from these equations 
we see that we need to sum over the closed region in the (m, di)-plane bounded by the 
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lines 



di = di, 
2di — m = n — si + 2g — 2, 
2m-di^ A + n-S2 + 2g-2. 

Thus, summing over the semi-infinite region defined by di > di and m > m, we introduce 

in the sum extra terms. But, since the fines given by the third and fourth equations 
represent the conditions mi > and 1712 > 0, these extra terms have strictly positive 
powers of x or y and hence this does not change the coefficient of x^y^. □ 

Using (7.3) we have that X""' = ^n-s,+2g-2^-2d,^m ym^ ^ yA+n-s^+2g-2yd^y-2m^ 

hence 
(7.6) 

_ ^2(4ff-4+n+5i+S2-A)/, , .^2g + ^ + Vt) ^ 

^ {l-x){l-xt-) {l-y){l-yt-) 



-y ^ ^2di^2di °° ^2my2m 

n—si+2g—2^,A+n—S2+2g—2 



EL Jj ^ > 



di=di m=m 



^2(4ff-4+n+si+S2-A)^-|^ _|_ 



2ff 



{1-X){l-Xt^) (l-y)(l-yi2) 



y.n^s,+2g-2yA+n-S2+2g-2^l _ xhj-H'^){l - X-^yH"^) 

t2(4g-4+n- A) ( 1 + t) ( 1 + Xt) ( 1 + l/t) 

■ 2.n+25-2^A+n+2g-2(l - x){l - Xt'^){l - y){l - yt^){l - X^y-H^){l - X-^yH'^) ' 

where we have separated powers oi x, y and t which potentially depend on zu. 

7.3. The sum over vu. In order to proceed with the calculation we need to sum the 
contribution (7.6) over all permutations zu — {tUp) e {S3)"'. For this we need to under- 
stand the dependence of Si, S2, and di on zu. Now, looking at the definitions (7.5), 
we see that di and rh also depend on the weights. In order to deal with this dependence, 
we shall take advantage of Proposition 2.1 which allows us to do the computation in the 
case where the degree A satisfies that A ^ (mod 3). Hence we can choose the weights 
so as to facilitate the computations, as long as we keep the same choice throughout. 
Now, if A ^ (mod 3) and we choose the weights ai{p) sufficiently small, then di and 
m are independent of zu. For future reference, we state here our assumptions. 
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Assumption 7.6. Write D = pi-\ hPn- In addition to Assumption 5.1, we shall from 

now on assume that A ^ (mod 3) and that the weights ««(]?) are chosen to satisfy 

o^iiPj) ^ 1 for all 

Next we consider the dependence of si and S2 on zu. We can write 

peD 

S2 = J^S2(p), 

where Si(p) and S2(p) are defined in the obvious way: 

if rop(l) > rop(2), 
otherwise, 



and 




1 if 'UJp{2) > zup{3), 
otherwise. 



We give the values of si(p), S2{p) and si{p) + S2{p) as a function of zup in Table 7.1, 
using the notation zu — {'cu{i) 'uj{2) cc7(3)) for a permutation zu e S3. 



Table 7.1. si{p) and S2{p) as a function of zu.^ 



ZUp 


(123) 


(231) 


(312) 


(213) 


(132) 


(321) 


Slip) 








1 


1 





1 


S2{p) 





1 








1 


1 


Sl(p) +S2(p) 





1 


1 


1 


1 


2 



Under Assumption 7.6, m and di are independent of w. in fact we have from the 
definitions (7.5) of rh and di that 



(7.7) 



m=[f]+l, 
d, = [f ] + 1. 
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Therefore to do the sum ^i"^), we only need to do ^^^(^gjn t2(si+s2)2;Si|^«2 (7.6). 
For this we use Table 7.1 and obtain: 

^2(si+S2)^Sl^S2 = JJ^ ^ ^2(si(p)+S2(p))^3l(p)^S2(p) 

(7.8) = n (1 + + 2i2y + t^xy) 

= (1 + 2i2x + 2t^y + t'^xyY. 
Combining (7.8) with (7.6) we finally obtain: 
(7.9) 

^ *(g7) = (1 + 2t^x + 2t^y + t^xy)" • 

^2(4g-4+n-A)(i + t)^g(l + xtf^jl + ytf^ {x^yH^)^' {x-Yt'')'^ 
■ ^n+2s-2^A+n+2fl-2(l _ 3;) (1 _ 3:^2) (^ _ ^) (^ _ ^^2) (^ _ 2;2^-1^2) (^ _ ^-1^2^2) " 

Note that this expression has arbitrarily large positive and negative powers of x and 
y. Therefore it is not very suitable for extracting the coefficient to x^y^. However, to 
facilitate this task we can make the following change of variable: 

X — u^v, y — uv^. 

Then we have 

2 —1 3 —1 2 S 1 s s 

X y — u , X y — V and xy — u v . 

Substituting in (7.9), and using (7.7), we finally obtain the formula for the contribution 
to the Poincare polynomial from critical submanifolds of type (1, 1, 1): 

Proposition 7.7. Under Assumption 7.6, let Aq G {1, 2} be the remainder modulo 3 of 
A. Then 

Pt{A, (1, 1, 1)) = Coeff f (1 + 2u\t^ + 2uvH^ + liW)" • 

i2(4s-3+n)(l + t)2^?(l + ^2^^)29(1 + uvHf^ 
■ ^3n+6fl-9+Ao^;3n+6fl-6-Ao(l _ ^2^)(l _ uv^^(^l _ u'^vt'^)(l - UvH'^)(l - vH'^)(l - uH'^) ^ 

□ 

8. Critical submanifolds of type (1,2) 



8.1. Description of the critical submanifolds. In this section, we consider the crit- 
ical points of the Bott-Morse function / represented by Higgs bundles [E, $) which 
are of the form E — Eq ® Ei where £'0 = -L is a parabolic line bundle, Ei is a rank 2 
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parabolic bundle and ^ : L ^ Ei® K[D) is a strongly parabolic homomorphism. This 
defines a parabolic triple {Ei ® K,L) of type (1,2). By Proposition 4.6, the triple is 
(T-stable exactly for the value a — 2g — 2. 

In order to do the computations, let us introduce some notation. Recall that we 
keep our assumption of generic weights. The (fixed) weights of E at each p e D are 

< ai{p) < a2{p) < CK3(p) < 1- Each possible choice of distribution of these weights is 
given by a function = {^p}p(zo that assigns to each p & D a number w{p) G {1, 2, 3} 
such that the weight of L is a{p) = «ro(p)(p)- The weights of Ei are Pi{p) < P2{p), so 
that {Pi{p) , P2{p) , o:{p)} = {q:i{p) , a2{p) , Q:3{p)} . In the decomposition E = L® Ei, we 
define 

di = deg{Ei ® K) = deg{Ei) + 4g - 4 , 

d2 = deg(L) , 

so that A = deg(£^) = di + d2 + 4. - Ag. 

Denote by A/(i,2)(c^i, ^) the critical submanifold of parabolic Higgs bundles of type 
(1,2) with topological invariants given by {di,d2 = A — di + Ag — 4) and weights de- 
termined by zu. The contribution of all critical submanifolds of type (1,2) is given 
as 

P,(A,(1,2)) := J]i^('^i-)P,(Ar(i,2)(cii,t^)), 
where X{di,u!) is the index of A/'(i,2)(c^i, w)- 

Lemma 8.1. The index of the critical submanifold Af^i ^2) {di,zu) is 

\duvj) = 12^ - 12 + 4n - 2di + 4(i2 - 2so, 
where sq = i^{Pi{p) \ Pi{p) > a{p)}. 

Proof. Prom Proposition 2.4, fp — |(r^ — X]j?7^i(p)^) = 3, since the multiplicities are all 
1. Por p & D, the space Pp{L, L) consists of endomorphisms of Lp, so dim Pp(L, L) = 1 
and Pp{Ei ® K,Ei® K) consists of parabolic endomorphisms of (£"1 ® K)p, so it has 
dimension 3. The dimension of the space of strongly parabolic homomorphisms from Lp 
to (£^1 (8) K)p is given by 

(2 iia{p)<P,{p), 
dimNp{L, Ei®K) = l 1 if f3i{p) < a{p) < /32(p), 

[0 if /52(p)<a(p). 

Therefore 

So = J2dimNp{L,Ei®K) = #{A(p) I A(p) > "(p)}- 
p 
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Substituting this in the formula for the Morse index in Proposition 3.11, we have 
\d,^) = 9{2g-2) + 6n + 2{5{l-g-n) + 2{l-g)-{di-4g + 4) + 2d2 + 4n-So) 



12g -12 + An- 2di + 4^2 - 2so. 



□ 



By Proposition 4.6, J^(i^2){di, ^) is isomorphic to the moduh space of o"-stable triples of 
the appropriate type with a = 2g — 2. By the genericity of weights, such a is not a critical 
value. Its Poincare polynomial is given by Theorem 6.4. So, for each e = {£{p)}peD, let 
•si, S2, S3 be defined by (6.2), <;{p) = 3 — e{p) and 



d 



M 



+ 1 



l(di + d2 + J2 {"^(P) + Mp) - 2/3.(p)(p)) +25-2 

^ + E («(^^) + Mp) - 2/3.(p)(p))) +2^-1. 
Then Theorem 6.4, Lemma 8.1 and the fact that sq = si + S2 yield that 
(8.1) P,(A,(1,2)) = 

^ x" V (1 -*^)(1 -^)(1 - 

di,w e ^ ^ 



t2)(l -X){1- Xt'^){l - t-^x)x'^^-<^^+'^ 



(^\ -J- tY9{\ + rj.fy9-l--2di+2g-2+2n-2s3+4:dM ^dM 

(1 - i2)(i -x){l- xt^){l - t%)x<^i-''2+«i 



8.2. The sum for fixed {w, e). We shall compute the contribution (8.1) to the Poincare 
polynomial of A4 from submanifolds of type (1, 2). We start by performing the sum over 
all possibilities of di for each choice of (zij,e). The condition that the moduli space 
Af(i^2){di,'[u) be non-empty is 231 — 2 > par//^ — par/i2 (see Remark 6.5). This means 
that 

2g-2> d^/2 -d2 + J2 (Mp) + P2{p) - 2a{p))/2. 
Using that A — di + d2 + A — Ag, this is translated into 

d2-d,>A-Ag-^ + lYl i(^^(P) + /^2(P) - Mp))- 



But ^2 - c^i = A (mod 2). So d2-di^do + 2k, k>0, and 



Jo = 4 - 4^ + 2 



■^ + lT.iM + M-2a{p)) 



+ A 



A + 2. 
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This gives the range for the summation in (8.1) for di for fixed {zu, s). Looking at (8.1), 
one sees that we need to compute 



4di+4d2 ^d2-di 



A+4g-4 ^2 t 
^4do rj.do 



d2—di^d2—di 



1 - W 



Substituting into (8.1), we get that 
(8.2) 

^t(A, (1, 2)) = Yl Cocff (1 _ ^2)(i -x){l- xt^){l - t-^x){l - t^x^) 

(1 _|_ ^)43(l _|_ ri.fYgfl4g-U+6n-2si-2s2-2s:i+AdM+4do^dM+do-si 
(1 - t2)(l -X){1- Xt^){l - t%)(l - 

8.3. The sum over uj and e. Now we need to perform the sum in (8.2) for all choices 

of {zu.e). For this wc arrange the degree and the weights to satisfy Assumption 7.6. 
Write A = 3A; + Aq, Aq G {1, 2}. Since ai{p) are sufficiently small, we have that 

^Al 

+ 2^-l = A; + 2^-l, 



d 



M 



(8.3) 



Jo = 4 - 4^ + 2 



A 

T 



+ A 



-A + 2 = 6-4^-A;-Ao 



are independent of {zxj.e). Therefore to do the sum (8.2), wc only need to do 

^^_23i+2.3^-.i and 



-2S2— 2S3^— SI 



We have to write down the dependence of Si, S2, S3 on {va,e). Note that we can write 

si = J^si(p), 

p&D 

52 = J^S2(P), 

53 = ^s^ip), 

peD 

where Si(p), S2{p) and s^lp) are defined in the obvious way: 



Slip) 



1 if a{p) < p,^p){p), 
otherwise. 
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S2{P) 



and 



1 if < 
otherwise, 



1 if f3e{p){p) < P,{p){p), 
otherwise. 



We give the values of S2(p) ands3(p) as a function of £(p)) e {1, 2, 3}x{l, 2} 

in Table 8.1, 

Table 8.1. Si{p), S2{p) and 53(^5) as a function of {w{p),e{p)) 



{w{p),e{p)) 


(1,1) 


(1,2) 


(2,1) 


(2,2) 


(3,1) 


(3,2) 


Slip) 


1 


1 


1 











S2{p) 


1 


1 





1 








ssip) 


1 





1 





1 






We obtain 



and 



2si+2s3^-si 



2S2-2S3^-Sl 



(r^x-^ + 2 + 2x-^ + t^f 

^_2n^-n^ ^ + 2t'x + t^xT 



JJ" ^ ^-231(P)-252(P)-253(P)^-Sl(p) 

pg-D ro(p),e(p) 

-4^-1 I „-l,-6 



- (2t-^a;-^ + x-^t-'' + 1 + 2t-^Y 
= r^"a;-"(l + 2^2 + 2t^x + t^x^ . 

Combining this with (8.2) we get that Pt(A, (1, 2)) equals 

;i + tf^{l + a;t)29il6g-16+2n-2dM+do+A^<iM+do-n(l + 2t^ + 2t^X + t^x)" 



Coeff 

~0 



(1 - - - xt'^){l - i-%)(l - 
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(1 + + a;t)2</tl49-14+4dM+4(i02;<iM+<i0-n(^^ ^ 2t^ + 2t'^X + t^X^ 

(1 - - x){l - - t^x){l - 

Now, using that du + (io = 5 — 2g( — Aq and —Sdu + A = 3 — G^f + Aq, which follow 
from (8.3), we have the following. 

Proposition 8.2. Under Assumption 7.6, let Aq G {1, 2} be the remainder modulo 3 of 
A. Then 



P,(A,(l,2)) = Coeff 



[1 + t)^9{l + xtfH^9-8+2n^5-2g-Ao-n^i ^ + 2t^X + t^x) 

(1 - t2)(l - - xt^){l - t-^x){l - t^X^) 

1 + ty<^{l + a;t)29t6ff+6-4Ao2;5-2g-Ao-n(^^ ^ + 2t4a; + t^x)' 

(1 - - - xt^){l - t^x){l - t^x^) 

□ 



9. Critical submanifolds of type (2, 1) 

9.1. Description of the critical submanifolds. In this section, we consider the crit- 
ical points of the Bott-Morse function / represented by Higgs bundles {E, $) which 
are of the form E = Eq (B Ei where i?i = L is a parabolic line bundle, Eq is a rank 2 
parabolic bundle and ^ : Eq ^ L ^ K{D) is a strongly parabolic homomorphism. This 
defines a parabohc triple (L ® K,Eq) of type (2, 1). By Proposition 4.6, the triple is 
(7-stable exactly for the value a — 2g — 2. 

As in Section 8, the (fixed) weights of E at each p e D are < ai{p) < a2{p) < 
0:3 (p) < 1. Each possible choice of distribution of these weights is given by some ru — 

{'!^ip)}p<=D where Tu{p) G {1,2,3}, p E D such that the weight of L is a{p) = azu{p]{p)- 
The weights of are/?i(p) < /?2(p), so that {Pi{p), p2{p),a{p)} = {ai{p) , a2{p) , as{p)} . 
In the decomposition E = Eq Q) L, we define 

di = deg(L X) = deg(L) + 2^-2, 

d2 = deg(£;o), 

so that A = deg(£;) ^di + d2 + 2-2g. 

Denote by J^(2,i){di,zu) the critical submanifold of parabolic Higgs bundles of type 
(2, 1) with topological invariants given by {di,d2 — A — di + 2g — 2) and where the 
weights are determined by zu. 

Lemma 9.1. M'(2,i){di,zu) is isomorphic to the moduli space of a -stable parabolic triples 
of type (1, 2) with degrees d'2 — —n — di, d[ — —2n — ^2 o-nd weights 1 — a{p) for the line 
bundle and 1 — /32(p) < 1 — Pi{p) for the rank 2-bundle, for a — 2g — 2. 
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Proof. The result follows by dualizing and applying Proposition 4.2. And by the defini- 
tion of dual of a parabolic bundle. □ 

Note that by the genericity of weights, the value a = 2^' — 2 is not a critical value 
for the moduli space of parabolic triples. Now let e — {s{p)}peD, £{p) G {1)2}, and 
q{p) = 3 — s{p). We introduce the following sets: 

51 = {pe D\l-a{p) <1-P,^p){p)}^{pe D\a{p)> /3,(j,){p)}, 

52 = {peD\l-a{p)<l-P,^p){p)}^{peD\a{p)>/3,^p){p)}, 
Ss = {peD\l- < 1 - ^{peD\ (5,^p){p) > 

and denote 

si = #Si, S2 = #5*2 and S3 = #5*3. 
Applying Theorem 6.4, we have 
1 



d 



M 



— n — di — 2n — d2 



+ a{p) + 1 - - 2 + 2/5,(p)(p)) +2^-2) 



+ 1 



i (-A - J] {a(p) + - 2/3,(,)(p))) 



+ 1. 



Then 



(9.1) Pt{M(2r)(di,w)) = > Coeff ^^7-^ r-/- , , ^ ^ 

^ ' *^ ^ ' ^^ ' " ^ xo V(l )(1 -2^^ )(1 2;)x'^i-'^2-n+.i 

(^l _|_ ty9(^l _|_ ^fy9f2d2+2g-2+6n-2s3+4.dM 



(1 - t^){l -x){l- xt'^){l - t%)a;'^i-'«2-"+*i J ' 
Similarly to Lemma 8.1, we can prove 
Lemma 9.2. The index of the critical submanifold J\f(^2,i)idi,'uj) is 

A(di,^) = I2g -12 + An- Adi + 2^2 - 2so, 
where Sq = 4f{Pi{p) I < = Si + S2- 



Proof. From Proposition 2.4, fp 



^mj(p)^) = 3, since the multiplicities are 



all 1. For p e D, the space Pp{L ® K, L ^ K) consists of endomorphisms of Lp, so 
dimPp(L(g)ir, L<SiK) — 1 and Pp{Eo, Eq) consists of parabolic endomorphisms of (-Bo)p, 
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SO it has dimension 3. On the other hand, dimNp{EQ, L ® K) is the dimension of the 
space of strongly parabohc homomorphisms from (-Eo)p to (L ® K)p, so 

if l-a(p) > 1- 
dimNp(Eo,L0K) = \ 1 if 1 - > 1 - > 1 - /^s^), 

2 if l-/32(p) > l-a(p). 



Therefore 



Substituting this in the formula for the Morse index of Proposition 3.11, we have 
X{du^) = 9(2^-2) + 6n + 2(5(l-^-n)+4n) 
+2 (2(1 -g)- 2{di -2g + 2) + d2- sq) 
= 12^ -12 + An- Ml + 2d2 - 2so. 

Therefore the contribution of all critical submanifolds of type (2, 1) is given as 

P,(A, (2,1)) - ^i^«^l-)P,(jV(2,l)(dl,tI7)) 



□ 



(9.2) 



'I _|_ t)'^9(^l _|_ rf.f^2g^l2g-12+2n~2di-2si+2s3-2dM^dM 
(1 - t2)(l -X){1- Xt^){l - t-2x)x'il-d2-n+s. 



(1 _|_^)49^-[^ _|_ j.-f-yg-f-Ug-U+Wn-'ldi+Ad2-2si~2s2-2s3+4:dM^dM 



(1 - ^2)(1 -X){1- Xt^){l - i%)x'='i-<^2-n+si 

obtained by using Lemma 9.2 and (9.1). 

9.2. The sum for fixed {Tu,e). Now we shall compute the contribution (9.2) to the 
Poincare polynomial of A4 from submanifolds of type (2, 1). As before, we do first the 
sum over all possibihties of di for each choice of (uj^e). The condition that the moduh 
space N'{2,i){di, zu) be non-empty is 2^1 — 2 > par/x^ — par//2. This means that 

2g-2>di- d2/2 + J2 (Mp) - Piip) - P2{p))/2, 
Using that A = di + d2 + 2 — 2g, this is translated into 

d2-di>2-2g + j + ^Yl (Mp) - Piip) - Hp))- 

But d2 — di = IS. (mod 2). So d2 — di — dQ-\- 2k, k > 0, and 

'1 



do^2-2g + 2 



^ + tT.iMp)-M-M) 



+ A. 
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In (9.2) we need to compute the terms 



^do-A-2g+2^do 
1 - 



-4di+4d2^d2-di 



Plugging this into (9.2) we get 
(9.3) 

P,(A,(2,l)) = 5^Cocff 



-jAdorf-do 

1 - t^x'^ 



_|_ t)"^f (1 + 2;j^)2gji-10g-10+2ri-2si+2s3-2(iM+d()-A,^dM+(io+n-si 
^ (1 - t2)(l -X){1- Xt^){l - t-^x){l - W) 

(1 + tY^il + 2;i)29f^^9~^^+^'^"~2si-2s2-2s3+4(iM+4<io2;<^M+^o+n-si 

(1 - i2)(i -x){l- xf^){l - tH){l - t^x'^) 

9.3. The sum over w and e. To perform the sum in (9.3) for all choices of {w^e), 
we arrange the degree and the weights to satisfy Assumption 7.6. Write A = 3A; + Aq, 
Aq e {1,2}. Since ai{p) are sufficiently small, we have that 

A' 



d 



M 



-n + 



do = 2 -2c/ + 2 



+ 1 = —n — k , 

-(\- 

2 V 3 



+ A + 2 = 2-2^ + A; + Ao, 



are independent of {w,e). Therefore to do the sum in (9.3), we only need to compute 
J- ^-2.1+2.3^-^1 and J]r 



-2si— 2s2— 2s3^— SI 



As before, 

52 = X1^2(P) , 

53 = X1*3(P) , 

pen 

where Si{p), S2{p) and s^lp) are defined in the obvious way: 

1 if a(p) > /?^(p)(p), 
otherwise. 



Slip) 
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and 



1 if > 
otherwise, 



1 Pe{p)ip) > P,(p)ip), 



otherwise. 

The values of S2{p) and S3(p) as a function of £(p)) are in Table 9.1, 

Table 9.1. Si{p), S2{p) and s-^^p) as a function of {w{p),e{p)) 





(1,1) 


(1,2) 


(2,1) 


(2,2) 


(3,1) 


(3,2) 


Slip) 











1 


1 


1 


S2{P) 








1 





1 


1 


ssip) 





1 





1 





1 



We obtain 



2si+2s3^-si 



and 



p&D m{p),e{p) 

(t-^x-^ + 2 + 2x-^ + t^)" 



2\n 



^t-^s,-2s,-2s,^-s, ^ (2r^x-^ + + 1 + 2r') 

= t-^"x-"(l + 2e + 2t^a; + t'^xf . 
Plugging this into (9.3) we get that Pt(A, (2, 1)) equals 

■ (1 + tfs{i + a;t)29iiOg-io-2<JM+do-A^dM+do(i + 2^ + 2i2a; + t^xy 



Coeff 

„0 



(1 - - x)(l - Xi2)(l - r2x)(l - ^2x2) 

(1 + t)^3(l + a;t)29il4g-14+4n+4<iM+4do^dM+rfo(l + + 2t^a; + t^x)' 
(1 - - x){l - Xf^yi - t^x){l - t^X^) 

Now, using that Jm + Jq = 2 — 2g — n + AQ and —2dM + (io — A = 2 — 25? + 2n, we obtain 
the following. 
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Proposition 9.3. Under Assumption 7.6, let Aq G {1, 2} be the remainder modulo 3 of 
A. Then 



Pt{A, (2,l)) = Coefr 



;i + ty^jl + xtyH^3-8+2n^2-2g+Ao-n^-^ ^ + 2t^X + t^x)" 
(1 - t2)(l _ x-)(l - Xt^){l - - t^X^) 

;i + + a;t)2gt6g-6+4Ao^2-2g+Ao-n(i ^ + 2t^X + t^x)" 

(1 - - X)(l - Xt'^){l - t^x){l - t^X^) 

□ 



10. BETTI NUMBERS OF THE MODULI SPACE OF RANK THREE PARABOLIC BUNDLES 

The Betti numbers of the moduh space of parabohc vector bundles were computed by 
Nitsure [34] and Holla [25]. Here we work out Holla's formula for the special case when 
the rank is 3 and all flags at the parabolic points are full. We also continue to work with 
the choice of weights made in Assumptions 5.1 and 7.6. 

10.1. Notation. Given a parabolic bundle E, the corresponding quasi-parabolic data, 
R, gives the multiphcity of each step of the flag at the parabohc points: 

i?f = dim Ep^i - dim Ep^i+i 

where Ep = Ep^i D • • • D Ep^sp+i = is the parabolic filtration at p. Thus = mi{p) 
in the notation of Subsection 2.1. We choose to keep Holla's original notation in this 
section because it is better suited for the calculations to be carried out. The rank of R 
is just the rank of E, n{R) — J^- i?f . One defines a{R) — '^piO£i{p)Rf, so that 

pardeg(£;) = deg{E) + a{R). 

Given a parabolic bundle E with Harder-Narasimhan filtration 

= GoCGiC---CGr = E, 

each subbundle Gj is a parabolic bundle with the induced parabolic structure. The 
induced quasi-parabolic data is defined by 

(i^^Jf = dim(G'fe,p n Ep^i) - dim{Gk,p n £^^,^+1). 

Thus {Ri:^j^Yi is the multiplicity of the i-th step of the induced parabolic structure on Gk 
at p (note that this may be zero). Each subquoticnt Gk/Gk-i is also a parabolic bundle 
and the corresponding parabolic data is R{, given by 

The intersection matrix I is defined by letting 
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in other words, Ifj^ is the multiphcity of the i-th step of the induced paraboUc structure 
on Gk/Gk-i at p. The rank of the subquotient Gk/Gk-i is n{Rl) = J^i^k hence 
the Harder-Narasimhan type of E can be written as 

n= (ni,...,n^) = {n{R{) , . . . , n{Rl)) . 



10.2. Holla's formula. The formula [25, Theorem 5.23] for the Poincare polynomial of 

the moduli space of parabolic bundles of degree A and rank n{R) is 

(10.1) 

Pt{A, n{R)) = (1 - 2^ ^t2n{Ri)+2n(Ri) _ . . . (^2n(i?^_ J+2n(il^) _ 11 

where the sum is over intersection matrices / of all possible Harder-Narasimhan filtra- 
tions of parabolic bundles. Here r is the length of the Harder-Narasimhan filtration 
corresponding to /, the number cr'(/) is defined by cr'(/) = X]pgD<7p(/), where 

k>l, i<j 



the number Mg{I, a) is defined by 



k=l 



J A + a{R) , 
^ -~ri{R) ^^^<k) 



+ 1 

+ {g - l)Y,n{Rl)n{R'^ 



and 



PRit) 



2i\n 



n{R)-l, 



This formula is vahd for all choices of weights such that a parabolically semistable bundle 
is automatically parabolically stable. In particular, it is valid under our Assumption 5.1 
on genericity of the weights. 

Remark 10.1. This is the formula for the non-fixed determinant case, whereas Holla 
states the formula for the fixed determinant case. The two formulas differ by a factor of 
+ coming from the Poincare polynomial of the Jacobian (see [34]). 
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10.3. The rank 3 case. We now work out explicitly Holla's formula for the case of 
rank 3 parabolic bundles under Assumptions 5.1 and 7.6. This implies in particular 
that all parabolic flags are full. For full flags we have the following simplification of the 
expressions PRj(i). 

Proposition 10.2. Assume that all parabolic flags are full. Then 

Proof. Since all flags are full, we have #{i | 7^ 0} = n{Ri). □ 

Note that PRj^{t) only depends on I through the rank n{Rl) of Gk/Gk-i- For rik — 
n{Rl) we shall therefore write 

We calculate Pn^. for = 1, 2, 3. We obtain 

+ 



(10.2) P^it) 
Psit) 



(1 - 1^) ' 

(1 - ^2)3 

(1 + 2^2 + 2t^ + + + t^f9(^i + t^fg 



(l-t2)4(l_i4) 

Now rewrite (10.1) as 

r 

(10.3) Pt{A,n{R)) = {l-t')Y. t"'''^'^Qiit)UPn,{t), 

n /of type n fc=l 

where 

f2{M,(I,a)-Ain{B)-niRl))} 

Qiit) 



^^2n(Ri)+2n{Ri) _ 1) . . . (^2n(i?^_i)+2n(i?^ ) _ -^^ " 



For rank n{R) = 3, the possible Harder-Narasimhan types n are (3), (1, 2), (2, 1) and 
(1, 1, 1). In the following, we hst all the possible intersection matrices / according to the 
various types for rank 3. We also give the corresponding values of (7p(/). 
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Intersection matrix for type (3) . 





k = 1 


i = 1 


1 


i = 2 


1 


I = 3 


1 








Intersection matrices for type (1, 2). 





k^l k^2 


i = 1 
i = 2 
i = 3 


1 
1 
1 










k^l k^2 


i = 1 
i = 2 
i = 3 


1 

1 
1 




1 



Intersection matrices for type (2, 1). 



TP 

^i,k 


/,• = 1 k = 2 


i = 1 

i = 2 
i = 3 


1 
1 
1 










k = 1 k = 2 


I = 1 
i = 2 
i = 3 


1 

1 

1 




1 



^i,k 


k^l k^2 


i = 1 
i = 2 
i = 3 


1 

1 

1 


Kin 


2 




T'' 


A- = 1 k = 2 


I = 1 
i = 2 
i = 3 


1 

1 
1 




2 



Intersection matrices for type (1, 1, 1). 



TP 


k^l k^2 k^3 


i = 1 
i = 2 

i = 3 


1 
1 
1 








TP 

^i,k 


k^l k^2 k^3 


i = 1 
i = 2 
i = 3 


1 
1 
1 




1 



TP 

^i.k 


k = l k = 2 k = 3 


i = 1 
i = 2 
i = 3 


1 

1 
1 


Kin 


1 



TP 

^i,k 


k = l k = 2 k = 3 


i = 1 
i = 2 
i = 3 


1 

1 

1 


Kin 


2 
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k = l k = 2 k = 3 


i = 1 
i = 2 
i = 3 


1 

1 
1 




2 





k = l k = 2 k = 3 


i = 1 
i = 2 
i = 3 


1 

1 

1 




3 



Now we compute the exponent of the power of t"^ in the numerator of Qi{t). This is 
greatly simphfied thanks to our assumption on the degree and weights. 

Proposition 10.3. Let n{R) = 3. Under Assumption 1.6, we have 

'3 [f ] - A + 2^ + 1 , fori of type (1, 2), 
M,{I, a) - A{n{R) - n{Rl)) = <[ 3 [f ] - 2A + 2y + 1 , for I of type (2, 1), 

3g-l, for I of type (1, 1, 1), 

Proof. As A ^ (mod 3), we have that n(i?<^)^^ is non-integer. Since the weights 
are small, we have that, for A; < r — 1, 



^ -~n(R) ^i^<k) 



+ 1 = 



n{R) 



+ 1. 



Substituting into the definition of Mg{I, a), we get the result. For type (1, 1, 1), we have 
used that [f ] + [^] - A = -1, since A ^ (mod 3). □ 

Note that, in particular. Proposition 10.3 implies that Qi{t) only depends on / through 
its Harder-Narasimhan type. We shall therefore need to calculate X^jt^'^'^^^ for each 
type. This is an easy task using the tables given for the intersection matrices and the 
fact that E/'^^"'^^^ = ripeD E/P as is easily seen by induction on the number of 

points in D. The result is: 



(10.4) 



^^2a'(/) _ ^1 ^ ^2 ^ ^4^n ^ j ^^^^ 3) and (2, 1), 

I 

^ ^ + 2i^ + i^)" , for I of type (1, 1, 1). 



We can now calculate the contribution to Pt(A, 3) from / of type (1, 1, 1): 

;io.5) y: t^''''Qiit)IlPn,it) = ^^^±^^^^±P^p,itf 



I of type (1, 1, 1) 



k=l 
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Similarly, the contributions to Pt(A, 3) from / of type (1, 2) and (2, 1) are: 



I of type (1, 2) k=l 
I of type (2, 1) fe=l 

Summing the contributions of type (1,2) and type (2,1) some simplification results 
because, whenever A ^ (mod 3), one has 

^2{3[f ]-A+25+l} _^ ^2{3[^]-2A+25+l} 



Hence we obtain 

(10.6) Yi ^''^'^'^Q/wn^-^w 

I of type (1, 2) or (2, 1) k=l 

Since for n = (3) we clearly have 

(10.7) f'^'^'^Qiit) = 1, 

we are now in a position to put everything together and calculate Pt(A, 3) for A ^ 
(mod 3). 

Proposition 10.4. Under Assumption 7.6, the Poincare polynomial of the moduli space 
of stable parabolic bundles of rank 3 is given by 

Pt(A, 3) = (1 + tf^{i + 2e + 2t^ + t^y-^- 

(1 + f'f^'^i + f'^'f' + (1 + f) ^''^(i + + fY'''^- - (1 + + + t'^ff'^'-^ 

(1-^2)3(1-^4) • 



V -L 

(l+i2^^4)n^2{3[2A]_2A+29+l} 



^4s+2(^2{3[f]-A}^^2{3[2A]_2A}) 
^4^+2(^-2^^-4) 

t^^^-^l+t") . 
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Proof. Substituting (10.5), (10.6) and (10.7) in (10.3) and using (10.2) we obtain 

p.(A, 3) = (1 - [m) + 

(1 + 2t' + 2t^ + t'rt^^-' X 

+ ^r^rp ) 

(1 + + 2t* + t6)«-l(l + t)2£/(l + t^fg^i ^ ^5^9 



+ 
+ 



(1 -t2)3(l _i4) 
[l+t^ + t^)^t^9-2^l ^ ^2)(i ^ ^)2g(^ ^ t2)^-l(l + tf9{l + t3)2g 

(t6 - 1)(1 -t2)3 

;i + 2t^ + 2t^ + t6)"t69-2(i + f^eg 

(1-^1)2(1-^2)2 ■ 



Simplifying this expression we obtain the formula stated. □ 



11. Betti numbers of the moduli space of rank three parabolic Higgs 

BUNDLES 

In this section wc put everything together to obtain the Poincare polynomial of the 
moduli space of rank three parabolic Higgs bundles. 



11.1. Poinccire polynomial. 



Theorem 11.1. Let Ai be the moduli space of rank three parabolic Higgs bundles of 
some fixed degree and weights, over a connected, smooth projective complex algebraic 
curve of genus g. If the weights are generic (in the sense that there are no properly 
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semistable parabolic Higgs bundles), then the Poincare polynomial of M. is given by 



Pt{M) = Coeff (1 + 2u\t^ + 2uvH'^ + u^H^f ■ 

+ Coeff ' + ^)'''(^ + 



{l-f^){l-x){l-xf^) 

^2g-2+2n^^ + + 2e + 2^% + t^x)" _ {t^X + + 2t^ + 2t^X + t^x)" ^ 

(l-t-2a;)(l-t2,x2) (1 -t^) (1-^8x2) 

+ (1 + tf^il + + 2t'^ + t*^)"-^- 

(1 + t3)2g(l + t5)2g + (1 + ^)4g(^ ^ ^2 ^ 1^^3-2 _ (1 + t)2g(l + ^3)2^(1 + ^2)2^4g-2 

(l-t2)3(l_t4) ■ 

Proof. It follows from Morse theory, as explained in Section 3, that Pt{M) = -Pt(A, 3) + 
Pt{A, (1, 2)) + Pt{A, (2, 1)) + Pt{A, (1, 1,1)), where the polynomials on the right hand 
side are given in Propositions 7.7, 8.2, 9.3 and 10.4. In order to apply these formulas we 
need to choose Aq G {1, 2}. However, the contribution Pt(A, (1, 1, 1)) of Proposition 7.7 
is independent of this choice, by using the duality {u, v) i— > {v, u). Also, the contribution 
Pt(A, (1, 2)) + Pt{A, (2, 1)) from Propositions 8.2 and 9.3 is independent of the choice of 
Ao by using that for Aq = 1, 2 we have x^°+x^~'^° = x+x'^ and x^H^^°+x^~^H^'^~^^° = 
t^x + t^x"^. 

Even though the various contributions to the Poincare polynomial were calculated 
for a specific choice of degree and weights (cf. Assumptions 5.1 and 7.6), we know by 
Proposition 2.1 that the final result is independent of this choice. □ 

Remark 11.2. Obviously, it is possible to do the computation of Pt{M.) under different 
choices of degree and weights. Most of the calculations in Sections 7-11 are carried out 
in general, and we have always introduced our Assumption 7.6 as late as possible in 
each section. Of course, the final answer will be the same as the one given in Theorem 
11.1, though the partial contributions of the critical submanifolds of different types may 
differ. 



11.2. Special low genus cases. We can calculate the Poincare polynomial of the mod- 
uli space of parabolic Higgs bundles for specific values of n and g by using a computer 
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algebra system. For instance, if n = 1 and g = 2 then Theorem 11.1 gives 

Pt{M) = 36 + 324 + 1368 + 3620 P + 6810 1'^^ + 9860 + 11670 + 11876 1^^ 
+ 10860 1^^ + 9224 1^^ + 7408 1^^ + 5688 1^^ + 4216 1^^ + 3036 1^^ + 2134 1^^ + 1464 1^^ 
+ 981i^° + 640i'^ + 401i^ + 244i^ + 144t^ + 80i^ + 42i^ + 20i^ + 9i^ + 4i + l , 
and when n — 2 and g — 2 we obtain 

Pt{M) = 252 + 2416 f"^^ + 10848 f'^° + 30540 + 61178 + 94368 1^^ 
+ 119187 + 129952^2^ + 127737 + 116656 + 100849 
+ 83564 1'^^ + 66925 + 52100 1^^ + 39605 1^^ + 29504 1^^ + 21572 f'^ 

+ 15472 1^^ + 10884 + 7496 1^^ + 5043 1^^ + 3312 1^^ + 2113 
+ 1308i^ + 782i^ + 448^^ + 247 + 128^^ + 62i^ + 28i^ + lli^ + 4i + 1 . 
Another example is the Poincare polynomial of J<4 for g — 1 and n — 1, 

P^(M) = 6t^ + 18f + 2At^ + 20t^ + 13t^ + 8t^ + At^ + 2t+l . 

Remark 11.3. In [20] Hansel conjectured a formula for the Poincare polynomial of the 
moduli space of stable Higgs bundles of any rank. Hansel has informed us of an analogous 
conjecture for the the Poincare polynomial of the moduh space of parabolic Higgs bundles 
of any rank: in the case of rank three the mixed Hodge polynomial of the corresponding 
character variety is 

^ iiqt' + l)iqH^ + qt' + l)nqH' + if^jgH' + 1)^^ 

{gH'^iq + l)(g^ + q + I))"g6g-6^12g-12(g3^ ^ ;^)2g(g2^ ^ ^yg 

{qH^ - l){q^ - l){qH^ - l){q^ - 1) 

{qH\2qH'' + qt^ + q + 2)Y q^^-^t'^s-^ {qH^ + if^jqi + if^ 
{qH^ - l){qH^ - l){qt^ - l){q - 1) 

6"(gi2)3ng65-6^12g-12^^^ + 1)^^ 
3(gt2 _ l)2(g_ 1)2 
_ {3qH\qt^ + l))"g4s-4^83-8(^2^3 + i^g^^^ ^ 
(g2t4_l)(g2^2_l)(^^2_l)(^_l) 

(3g^i6(g + I))"g63-6^i29-i2(^^2^ ^ l)29(gt + 1)29 

(qH^ ^ l){q^ - l){qt^ - l){q - 1) ' 

Hansel conjectures that the Poincare polynomial of the moduli space of rank three para- 
bolic Higgs bundles with n marked points and full flags is obtained from this polynomial 
by the substitution Pt{M.) — -f^s (1, t). The formulas are difficult to compare in general, 



+ 



+ 
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but in computer calculations Hansel's formula provides the same result as ours in all the 
cases that we have checked. Thus our results provide evidence for this conjecture. 

We finish by considering the case when X has genus zero. It is easy to see that under 
our Assumption 7.6 of small weights, the moduli space of stable parabolic bundles on 
X is empty, because any parabolically stable bundle would have to be stable. However, 
our results show that there arc non-empty critical submanifolds of the moduli space of 
parabolic Higgs bundles for n > 3: for example, if 5^ = and n = 3, our calculations 
show that 

Pt{M) = 7^2 + 1 , 

where the only contribution is from critical submanifolds of type (1, 1, 1). This means 
that stable parabolic Higgs bundles exist and hence the moduli space is non-empty. 
Following our general description of the critical submanifolds of Subsection 7.1 one can 
explicitly describe the critical submanifolds of type (1, 1, 1) and thus get examples of 
stable parabolic Higgs bundles. One such example is given as follows. Define parabolic 
fine bundles Li — 0{1), L2 — O and — O with small weights ai{p) on L^, such 
that ai{p) < 0:2 (p) < 0£s{p) at each marked point. Let E — Li ® L2 ® L^. Then any 
map from Lj to is strongly parabolic and we can define a Higgs field $ with non- 
zero components in SParHom(Li, L2 ® K{D)) = Hom(Li,L2 ® K{D)) = T{0{n - 3)) 
and SParHom(L2,L3 ® K{D)) = Rom{L2, L3 ® K{D)) = T{0{n - 2)). Clearly the 
resulting parabolic Higgs bundle is stable. When n = 3 this parabolic Higgs bundle is a 
minimum of the Morse function, as follows from Lemma 7.4, and the critical submanifold 
consisting of such parabolic Higgs bundles is easily seen to be isomorphic to P^. Prom 
our description of the critical submanifolds of Subsection 7.1 one sees that there are 
six other critical submanifolds, all consisting of parabolic Higgs bundles with the same 
underlying vector bundle but with different distributions of the weights. All these other 
critical submanifolds consist of one point and have index 2. Of course these observations 
check with our calculation of the Poincarc polynomial. 

One can give a very explicit description of the moduli space in the n = 3 and A = 
case (this is of course different from the A = 1 moduli space considered in the previous 
paragraph but, as we know, has the same Betti numbers). This is done by means of 
the Hitchin map ([24]), which exhibits the moduh space as an elliptic fibration over C 

(in fact an ALG manifold [10]). To carry this out, consider the general case where the 
bundle over is trivial and the three points are 0, 1 and 00. The Higgs field (twisting 
by K{3) = C(l)) can be written as 



^ ^ Az + B{z - 1) 
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where A, B and A + B are nilpotent since these arc the residues at the parabohc 
points. That means that Tr$ = 0, since Tr>l = TrS = 0, and Tr$^ = since 
Tr = Tr = and Tr (>1 + Bf = 0, which means Tr AS = 0; also Tr = cz{z - 1) 
using that Tr A^ = TrS^ = and Tr (>1 + Bf = 0. The spectral curve ([24]) has the 
form 

= kz{z - 1) 

which is a cubic curve invariant by Z/3 by multiplying u» by a cube root of unity. As 
k varies in C we have the elliptic fibration with an Eq curve at = 0. Of course the 
Hitchin map is just {E, $) i— > A; and, in particular, the nilpotent cone is the Eq curve. 

For higher values of n, there are also contributions from critical submanifolds of type 
(1, 2) and (2, 1). For instance, for = and n = 4 our formula gives 

P^{M) = 27U^ + 144^6 + 43 t^ + Qt^ + l , 

with non-zero contributions from critical submanifolds of type (1,2). For g — and 
n — 5 critical submanifolds of both type (1, 2) and (2, 1) contribute and one obtains 

P^{M) = 4645 1^^ + 3791 1^^ + 1926 + 762 f + 249 + 63 + 11 + 1 . 

12. The fixed determinant case 

The goal of this Section is to calculate the Poincare polynonial of the moduli space 
of rank 3 parabolic Higgs bundles with fixed determinant. We follow our calculation 
for the non-fixed determinant case closely and only point out the main differences. The 
final result is given in Theorem 12.20. As a corollary we obtain the fact that fixed 
determinant moduli space has Euler characteristic zero — note that this is not the case 
for the usual fixed determinant Higgs bundle moduh space, cf. [23], [16] and [20]. 

12.1. Preliminaries. Let E he a rank r parabolic bundle with degree A and weights 
cti{p) with multiplicities mi{p). Then the determinant A^E is a parabolic bundle, with 
degree A = A + Y^^^^ [ Ei and weights - [ Ei > 

for p e D (in particular, under Assumption 7.6, we have A = A). Now, for any choice 
of weights, the moduli space of rank 1 parabohc Higgs bundles of degree A is naturally 
identified with the total space of the cotangent bundle to the Jacobian of degree A fine 
bundles on X. Consider the "determinant map" from the moduli space of stable rank r 
parabohc Higgs bundles M to r*Jac'^(X): 

det: M ^ r*Jac^(X) , 
(12.1) ^ ^ 

(£;,$) ^ (A''£;,Tr$) . 
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Let A be a fixed line bundle of degree A. By definition, the fibre of det over (A, 0) is 
the moduli space of stable parabolic Higgs bundles with fixed determinant A: 

= det-^(A,0) . 

We shall need the following analogue of Proposition 2.1: it is not hard to see that the 
proof, including the relevant parts of [38], goes over to the fixed determinant case. 

Proposition 12.1. Fix the rank r. For different choices of the determinant bundle A 
and generic weights, the moduli spaces have the same Betti numbers. □ 

Remark 12.2. The group of r-torsion points in the Jacobian, — {L \ U — O}, acts 
on A^^ by tensor product: 

We also have an action of Tj. on T*Jac'(X) given by 

(M,a) ^ (M® L-\a) , 
for L e and, via this action, the covering 

r*Jac'(X) ^ T*Jac\X) , 
(M, a) ^ (M'', a) , 

can be viewed as a principal rj.-bundle. As done in Atiyah-Bott [2] for ordinary bundles, 
we can use this to express Al as a fibred product 

xr. r*Jac° ^ M , 

It follows that the rational cohomology of M. is isomorphic to the F^-invariant part of 
the cohomology of Xr^ T*Jac°. But acts trivially on the cohomology of r*Jac° 
and, therefore, 

H*{M; Q) ^ H*{M^; Qf^ (g) i/*(Jac°; Q) , 

where we write 

H*{M^; Q) = H*{M; Q)^^ © H*{M^; Q)™"' 
as the direct sum of the r^-invariant part and the non-invariant part, or variant part in 
the terminology of [22]. It follows from this that 

Pt{M)=Pt{M''){l + tf^ 

if and only if F^ acts trivially on H*{M^; Q): in fact, 

(12.2) Pt{M^){l + tf' - Pt{M) = Pr{M^){l + tf^ , 

where P^[M.^) — ^fMim(if'(A1^; Q)'^^'^) is the Poincare polynomial corresponding 
to the variant part of the cohomology. 
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12.2. Morse indices. The 5'^-action on Ai restricts to the fixed determinant moduli 
space M.^ and the Morse theory explained in Section 3 can be applied to this latter 
space. Thus, the restriction of / to M.^ C A4 gives a perfect Bott-Morse function. The 
characterization of the critical points of the Morse function (i.e., the fixed points of the 
S'^-action) and their stability given in Propositions 3.4 and 3.6 remains valid. Hence, 
for each critical submanifold A/" C TW, there is a corresponding critical submanifold 
Af^ C J\A^ and the determinant map (12.1) restricts to give a fibration 

(12.3) det: Jac^(X) 

with fibre over A equal to Af^. Note that there is no need to map to T*Jac^(X) because 
for any parabolic complex variation of Hodge structure (0 Ei, $) we have Tr $ = 0. 

Remark 12.3. We have a description of jV as a fibred product J\f^ Xr^ Jac°, analogous 
to the one given in Remark 12.2 for Ai. Thus we also have an analogous description of 
the relation between the cohomology of J\f and that of jV^. 

The deformation theory of E = {E, $) in the fixed determinant moduli space is 
governed by the complex 

C'(E) : ParEndo(^) S SParEndo(^) ® K{D) 

/ ^ (/ ® 1)$ ~ $/ , 

where the subscript indicates trace zero (cf. Proposition 2.2). Now let E = (0 Ei, $) 
be a fixed point of the S'^-action. In order to determine the weight spaces of the infin- 
itesimal circle action on the tangent space we modify the subcomplexes C*(E); defined 
in Subsection 3.2 to be subcomplexes C*{'E)i of trace zero endomorphisms. Note that 
Cq(E); = C*(E); unless I — or I — —1. The calculation of the Morse indices now 
proceeds analogously to the non-fixed determinant case of Section 3 and, in particular, 
we obtain the following result. 

Proposition 12.4. Let the parabolic Higgs bundle E = {E, $) represent a critical point 
of the restriction of f to C AA. Then the Morse index of f at this point is given by 
the formula of Proposition 3.11. 

Proof. The Morse index equals the real dimension of the space 0;^q HI^(Co(£', <l>)j). 
But, as pointed out above, Cq(E)/ = C*(E)i for I > 0. This proves the proposition. 
Alternatively, we could have appealed to the invariance of / under the action of the 
Jacobian on A4 by tensor product. □ 

Remark 12.5. The analogue of Theorem 3.14 also holds in the fixed determinant case, 
with an analogous proof. 
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12.3. Critical submanifolds of type (1, 1, 1). In this section we describe the critical 
submanifolds of type (1, 1, 1) and their contribution to the Poincare polynomial in the 
fixed determinant case. We shall use the notations of Section 7. Note that the description 

given in Subsection 7.1 of the parabolic Higgs bundles which corresponds to critical 
points of type (1, 1, 1) remains valid. Likewise, the characterization of stability given in 
Proposition 7.1 is the same. Thus, fixing di, m and w, the fixed determinant critical 
submanifold is the fibre of the map dct defined in (12.3): 

Af(l,i,i){di,m,w) ^ det-\A) . 

The description of the critical submanifolds now proceeds as in [16] (cf. also Hausel- 
Thaddeus [22] for the case of general rank r) to give us the following fixed determinant 
analogue of Proposition 7.2. 

Proposition 12.6. The critical submanifold Hl^^ ^•^{di,'m,zu) is given by the pull-back 
diagram 

J^{i,i,i){di,m,w) > Jac'^3(X) 

gn,,x X S'^^X ^ Jac™^+2"'^(X) , 

where the vertical map on the left is given by {Li®L2®L^, $i, $2) ^ (div(<l'i), div($2))7 
the map in the bottom line is {Di, D^) 1— > C(Di + 2£)2) (^nd the vertical map on the right 
is L3 I— > (g) L3 (8) K^{?)D — Si — 2S2). Moreover, M^^^ ^^{di,m,zu) is non-empty if 
and only if 

3m > 2A-F(a,G7), 

3^1 > A - G{a,zu), 
2di — m < n — si + 2g — 2, 
2m - di < A + n - S2 + 2g - 2, 

where F and G were defined in (7.1). 

Proof. Given a parabolic Higgs bundle (Li © L2 © L3, $1, $2) of type (1, 1, 1), let be 
the fine bundle associated to the divisor Di — div($i): 

Ml = L^^ ®L2® K{D - Si) , 
M2 = L2 ^ ® L3 ® K{D - S2) . 

Then 



(12.4) 



Ml (8) M| = A-^ ®Ll® K\3D -Si- 2S2) 
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Conversely, let ((ii,m, Ccj) be such that > for i = 1,2, take effective divisors Di of 
degree rrii and define Mj = 0{Di). Then there is a solution L3 to (12.4), determined 
up to the choice of a cube root of the trivial bundle. Once this choice is made, the 
isomorphism class of (Li ® L2 © L3, $1, $2) can be recovered from {Di, D2). Now, the 
first two inequalities of the statement of the Proposition represent the stability condition 
for (Li©L2©L3, $1, $2) and the last two inequalities are equivalent to mj > for z = 1, 2. 
Thus we see that, for any ((ii,m, Cc/) satisfying these conditions, there is a non-empty 
critical submanifold, as described in the statement of the Proposition. □ 

Remark 12.7. We can also parametrize the critical submanifolds by (mi,m2,ti7). We 
then have critical submanifolds Mj^ ^ ^2-1 ^) = J^(i 1 i){di, m, zu), which are non- 

empty if and only if 

mi + 2m2 < 6g — 6 + 3n — si — 2s2 + F{a, zu) , 

2mi + 1712 < 6g — 6 + 3n — 2si — S2 + G(a, zu) , 

(12.5) ^ ^ 

777,2 > , 

and 

(12.6) 7771 + 2/772 + A + si + 2s2 = (mod 3) . 

The conditions (12.5) are obtained by formulating the conditions of the preceding propo- 
sition in terms of 77ii and 7712, and the condition (12.6) must be added for it to be possible 
to solve (12.4) for L3 (as pointed out in [22], this condition was overlooked in [16]). 

As noted in Remark 12.3, the rational cohomology of A/^^ ^^(di, 777, tu) splits in an 
invariant part and a variant part, under the action of Pa: 

^*(A^(ll,l)(^l>^>^)) = i^*(Ar(^,i,i)(rfl,m,tu))r^^ ©i/*(Ar(|l,l)(rfl, 777,tI7))™=- . 

Proposition 12.8. The invariant part of the cohomology of Nj^-^-^^^di^m^w) is given 
by 

H*{U^ui,i){di,m,zu)f-' ^ H*{S"'''X x 5™^X) . 
The variant part of the cohomology is concentrated in degree 7771+7772 and has dimension 

(3^,_l)p9-2U29-2y 

V 777i y V "^2 / 

Proof. This is essentially [16, Proposition 3.11], cf. also [22]. □ 



Given this result, we can now find the contribution to the Poincarc polynomial of M.^ 
coming from the invariant part of the critical submanifolds of type (1, 1, 1). 
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Proposition 12.9. Under Assumption 7.6, the contribution of the invariant part of the 
cohomology of critical submanifolds of type (1, 1, 1) to the Poincare polynomial of M.^ 
is 

P['{A, (1, 1, 1)) = Coeff ({1 + 2uV + 2uvH'' + uWy ■ 

t2(4g-3+rO^^ + U^tf^^jl + UvHf^ 

• ^3n+6fl-9+Ao^3n+6s-6-Ao(l _ ^^2^)(l _ „^2)^l _ „2^^2)(1 _ uvH'^){l - vH'^){l - uH"^) 

where Aq G {1, 2} is the remainder modulo 3 o/ A = deg(A). 

Proof. The proof proceeds exactly as in Section 7, except that we omit the factor 
coming from the Jacobian (cf. Propositions 7.2, 12.4 and 12.8). □ 

It remains to find the contribution from the variant part of the critical submanifolds 
of type (1,1,1). 

Proposition 12.10. Under Assumption 7.6, the contribution of the variant part of the 
cohomology of critical submanifolds of type (1, 1, 1) to the Poincare polynomial of Ai^ 
is 

P™(A, (1, 1, 1)) = 2 • 6"-^(32» - l)ii'»-^2+6n^^ ^ ^^3-^ _ 

Proof. It is convenient to parametrize the critical submanifolds by (mi,m2,ro) as ex- 
plained in Remark 12.7. In order to do the calculation, we therefore need to express 
the Morse index in terms of these invariants. Using Proposition 12.4 and Lemma 7.4 we 
obtain 

\mi,m2,^) = 165^ - 16 + 6n - 2mi - 2m2 . 

Hence, using Proposition 12.8, the contribution from the variant part of the cohomology 
of critical submanifolds of type (1, 1, 1) for fixed vo is 

(12.7) ^^165-16+6n-mi-m.(32p _ ^9' ^ 

where the sum is over (mi, 7712) satisfying the conditions (12.5) and (12.6). Note that 
the terms in the sum arc only non-zero when < rrii < 2g — 2. But Assumption 7.6 
implies that the region defined by (12.5) contains all such (mi, 7712). Therefore we can 
sum over all (mi,m2), subject to the condition (12.6). For this, let ^ = e^'^'/^, then 
^^=1 equals 3 if i/ = (mod 3) and zero otherwise. It follows that we can rewrite 
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;i2.7) as 

1 ^ ^ ^j(mi+2m2+A+si+2s2)^16g-16+6n-mi-m2^32g _ j^-j ^9 — 2\ ^9 — 2 



^j(mi+2m2+A+si+2s2)^16g-16+6n-mi-m2^32g _ j^-j /^^ 
3 

j-^i(A+.i+2.2)(i + ^-i^jy3-2^^ ^ ^-i^2,y 



/'q2s _ 1 \/16ff-16+6n 3 

W -^J'' ^_,(A+si+2s2)^l , +-lf.n2.(7-2n , ^-lf2jrN2s-2 



fqas _ -1 Wl2s-12+6n 

= '^'^ ^^'^ ^j-^A+si+2s2 _^ ^2(A+^ii+2s2)jj-^2 _ f l'^2g-2 (j^ ]^j4g-4^ 

3 

It remains to do the sum over uj e (Ss)'^. For this we use Table 7.1 to obtain 

^A+si+2s2 _ ^ ^2(A+si+2s2) _ q 

Since the number of elements of [S^"^ is 6", we therefore obtain the result of the state- 
ment of the Proposition. □ 

12.4. Parabolic triples of fixed determinant. Now we want to describe the moduh 
spaces of parabolic triples with fixed determinant, that we shall use in the following 
section to deal with the critical submanifolds of types (1, 2) and (2, 1). We follow the 
notations of Sections 4 and 5. Fixing the topological and parabolic types of the triples, 
there is a determinant map on the moduh space Ma of cr-stable parabolic triples, 

det : Ma Jac(X) 

T = [Ex, E2, (f>) ^ det{Ei) (g) det(£;2). 

We define the moduli space of cr-stable parabolic triples with fixed determinant A as 

AC^ = det-^(A). 

In order to state the deformation theory of the parabolic triples with fixed determinant, 
we need to introduce the following subcomplex of C*{T, T), 

C'{T,T) : (ParHom(Si,^i) ©ParHom(E2,^2))o ^ SParHom(E2, 
where (ParHom(£Ji, £^1) © ParHom(£^2, ^2))^ is defined as the kernel of the map 

ParHom(£;i, Ei) © ParHom(£;2, E2) O, 

(01,02) ^ Tr (ai) Tr (02). 

We have the following result. 

Theorem 12.11. Let T — {Ei, E2, 0) be a a-stable parabolic triple with determinant A. 

(i) The Zariski tangent space at the point defined by T in the moduli space of stable 
triples with fixed determinant is isomorphic to M^{Cq{T,T)). 
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(ii) //EI^(Cq (T, T)) = 0, then the moduli space of a -stable parabolic triples with fixed 
determinant is smooth in a neighbourhood of the point defined by T. 

(iii) 7/0 is injective or surjective then T — {Ei, E2, (p) defines a smooth point in the 
moduli space H^. 

Proof. Items (i) and (ii) follow from Theorem 4.12. For (iii), let us define the complex 
C*g^ : O — > 0. This complex is embedded in C'{T,T) as 

CLt ■■ o 

J' J' J' 

C'{T,T) : ParHom(^i,^i) ® ParHom(^2,^2) — > SParHom(E2, ^1 (£>)), 

where the left map is A 1— > ( A Id, A Id) . Then it is easy to see that we have a direct sum 
splitting of complexes as 

(12.8) C'{T,T) = C',{T,T)®Cl,. 

Now, if is injective or surjective, then the decomposition (12.8) gives that = 
If{C'{T, T)) = H2(C'(T, T))®H2(C'^J, from where we get the result stated in (iii). □ 

In order to study the variation of the moduli spaces Af^ when moving a, we follow 
the arguments of Section 5. We keep the notations of that section and work under 
Assumption 5.1. Consider a critical value (7c. There is a determinant map 

det:5,, =AC, xACl ^ Jac(X), 

(T',T") ^ det T'® det T". 

We introduce the following subspace of B^^ , 

(12.9) Bi = det-^(A). 

The flip loci in the moduli space of parabolic triples with fixed determinant are given by 



The description of S\ follows the arguments of Subsection 5.2. We get the following. 



Proposition 12.12. (i) If W^{C*{T',T')) = and M^{C*{T",T")) = for every 
{T',T") G B^^, then B^^ is smooth. 
(ii) //H2(C*(T",T')) = and m^{C'{T' ,T")) = for every [T ,T") e B^^, then 

S^± = P ^H^'^lfiA ^, where VV^Iba is the restriction ofW^ B^^ to B^^. 
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Proof. The tangent space to B^^ is given by the following subcomplex of the complex 
C'{T',T')®C'{T",T"), 

, „ (ParHom(Ei,EO ©ParHom(E^,E^)© SFaTRom{E'„ E[{D))(B 

' ■ ©ParHom(E;',En ©ParHom(£;^',E^'))o ' © SParHom(£;^', (D)) 
where the C^{T',T") is the kernel of the map 

ParHom(£;(, E[) © ParHom(E^, E!^) © ParHom(E(', E'{) © ParHom(E^', E'^) O, 

(a'l, 4, a'l 4) ^ Tr {a[) + Tr (4) + Tr «) + Tr «)• 

Again there is a splitting of complexes 

c'{r, T') © c"(r", T") = c'(r', t") © c'^^, 

where C'^^ ^ ® C'*(7'", T") is given by the map 

O ParHom(^;, E'^) © ParHom(E;, E'^^) © ParHom(E;', E'l) © ParHom(E^', E^'), 
A ^ (A Id, A Id, A Id, A Id). 

This proves that H^(C^) = and hence that B^^ is smooth. The second item follows 
from Proposition 5.9. □ 

Proposition 12.13. Assume that N\ and B^ are smooth, and thatIf(C*(T" ,T')) =0 
and e2(C"(r',T")) = for every {T',T") e B^^. Let J\f^± he the blow-up of along 
S^±. Then 



Proof. The proof of Proposition 5.11 needs some slight modifications to the situation 
of fixed determinant. The complex C*(T, T) used to compute the tangent bundle to 
M + should be substituted by C' (T, T) , which computes the tangent bundle to J\f\ . 
Likewise, the complex C*{T',T') ® C'{T",T") should be substituted by the complex 
C*{T',T") introduced above, which deals with the tangent bundle to B^^. Also, the 
piece 

ParHom;7(£i, £i) © ParHom;7(£^2, ^2) 
in the complex computing the tangent bundle to WW^ must be substituted by the kernel 
( ParHomc;(£i, 8^) © ParHomc;(£2, 82))^ of 

ParHom[/(£:i,£:i) © ParHomt/(£:2,£:2) ^ 

(01,02) ^ TV(oi) +Tr(o2). 

Taking this into account, we reach the conclusion that the normal bundle to S\ in M\ 
is isomorphic to {p*W^ ® 0^w^{—^)) |ba . 
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Using this last fact, the arguments of Proposition 5.12 carry over verbatim to prove 
the stated isomorphism. □ 

Finally we apply Proposition 12.13 to compute the Poincare polynomial of the moduli 
spaces of ci-stable triples with fixed determinant for the case of ranks ri = 2 and r2 = 1. 
We follow the notations of Section 6. The description of the flip loci also holds in this 
situation. Let Uc > (Tyn, be a critical value. Then we have the following equality of 
Poincare polynomials: 

(12.10) P,(ACt-) - Pt{M^t) = ^*(^ (^-1^.^) ) - {^^^M) ) ' 

where I^a is a projective fibration over B^^ with fibres projective spaces of dimension 
w^^ — 1. But B^^ — det~^(A) where the determinant map is 

jV^^xjV;; = Jac'^^X X (Jac^^X X ^ Jac(X), 

{M,L,Z) ^ M®L®L(Z). 

Therefore we have an isomorphism 

B^ ^ JacX X S^X. 
The arguments of the proof of Theorem 6.4 now give the following result. 

Theorem 12.14. Let a > am be a non-critical value. For any e — {£{p)}peD, ^{p) £ 
{1,2}, let Si,S2,S3 and (Im be defined as in Theorem 6.4- Then 

ti-^a)- 2^ Coe (^(1 _ ^2)(l -x){l- Xt^){l - i-2x)x'^i-'^2+.i 



(1 - t^){l -X){1- Xt^){l - t%)x<^i-<i2+^i 



□ 



12.5. Critical submanifolds of type (1,2) and (2, 1). First consider the critical sub- 
manifolds of type (1, 2). We shall use the notations of Section 8. Note that the descrip- 
tion given in Section 8.1 of the parabohc Higgs bundles which corresponds to critical 
points of type (1, 2) remains valid. Thus, fixing di and zu, the fixed determinant critical 
submanifold is the fibre of the map det defined in (12.3): 

A/'(t2)(di,c:7) =det-'(A) . 

The characterization of stability given in Proposition 4.6 tells us that A/'(^2)('^i' 
isomorphic to the moduli space of cr-stable triples (of the appropriate topological and 
parabohc type) with fixed determinant A (8) K'^, as considered in Subsection 12.4, for 
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a = 2g — 2. Therefore Theorem 12.14 and the computations of Section 8 give tlic 
following. 

Proposition 12.15. Under Assumption 7.6, the contribution of the critical submani- 
folds of type (1,2) to the Poincare polynomial of M.^ is 



;i + tfa{l + -y^)2g^8g-8+2n^5-2g-Ao-n(i ^ 2^ + 2t^a: + t^x)' 
(1 - - x){l - Xt^){l - t-^x){l - 

(1 + tf3{l + a;f)29i6ff+6-4Ao^5-2g-A„-n(^ ^ ^t" + 2t^X + t^X^ 



Pt(A,(l,2)) = Coefr 



(1 - -x){l- xt''){l - t^x){l - t^x^) 
where Aq G {1,2} is the remainder modulo 3 of A — deg(A). □ 

Now consider the critical submanifolds of type (2, 1). Use the notations of Section 9. 
Fixing di and zu, the fixed determinant critical submanifold is the fibre of the map det 
defined in (12.3): 

Ml^^^^{di,w) = det-\A) . 

Lemma 9.1 holds in this situation, telling us that A/^^ i)(c?i, ^) is isomorphic to the 
moduli space of a-stable triples of type (1,2), with appropriate degrees and weights, 
with fixed determinant A^^ (E) K^^{—3D), and for a = 2g — 2. The computations of 
Section 9 together with Theorem 12.14 yield the following. 

Proposition 12.16. Under Assumption 7.6, the contribution of the critical submani- 
folds of type (2, 1) to the Poincare polynomial of Ai^ is 



Pt{A, (2, 1)) = Coeff 



;i + ty^jl + xt)^gtSg-^+^"x^-^g+^°-"(l + 2t^ + 2t^x + t*xY 
(1 - t2)(i - x){l - xt^){l - t-^x){l - t^x^) 

_ (1 + tfS^l + a;t)25t6s-6+4Ao^2-2g+Ao-n(i ^ 2t^ + 2t^X + t^x)' 

(1 - t^){l -x){l- xt^){l - t^x){l - t^X^) 
where Aq G {1,2} is the remainder modulo 3 of A = deg(A). □ 

Remark 12.17. The Poincare polynomials of the critical submanifolds of type (1, 2) and 
(2, 1) for fixed and non- fixed determinant differ by a factor of (1 + t)^^, coming from the 
Jacobian. Hence acts trivially on the rational cohomology of the fixed determinant 
critical submanifolds of type (1,2) and (2, 1) (cf. Remarks 12.2 and 12.3). The triviality 
of the action can also be seen directly from our description of the critical submanifolds 
as moduli spaces of triples, by using the flips picture and arguing as in the proof of [22, 
Lemma 10.5]. 
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12.6. Critical submanifolds of type (3). The critical points of type (3) are just 
the stable parabolic bundles and hence the corresponding critical submanifold is the 
moduli space of stable parabolic bundles of fixed determinant A. As pointed out in 
Remark 10.1, the fixed determinant case was the one studied by Holla [25], and we 
obtain the Poincarc polynonial of the fixed determinant moduli space by dividing the 
formula of Proposition 10.4 by (1 + t)^^. Thus we have the following. 



Proposition 12.18. Under Assumption 7.6, the Poincare polynomial of the moduli 
space of stable parabolic bundles of rank 3 of fixed determinant A is given by 



Pt{K 3) = (1 + + 2t^ + t'^y-^- 

(1 + ^3)2^(1 + t^fg + (1 + tfa^l + ^2 ^ ^4)^63-2 _ ^ ^yg^^ ^ ^3)2g(^ ^ t^)2t4g-2 

(1-^2)3(1-^4) 



□ 



Remark 12.19. Note, in particular, that Pa acts trivially on the rational cohomology 
of the moduh space of stable parabolic bundles of rank 3 of fixed determinant (cf. 
Remarks 12.2 and 12.3). 



12.7. Betti numbers of the fixed determinant moduli space. Finally we put 
everything together to obtain the Poincare polynomial of the moduh space of rank three 
parabohc Higgs bundles of fixed determinant A. 

Theorem 12.20. Let M.^ he the moduli space of rank three parabolic Higgs bundles of 
fixed determinant A and some fixed weights, over a connected, smooth projective complex 
algebraic curve of genus g. If the weights are generic (in the sense that there are no 
properly semistable parabolic Higgs bundles), then the Poincare polynomial of M.^ is 
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given by 

Pt{M^) = Coeff ( (1 + 2u%t^ + 2uvH^ + u'^vHy ■ 

t2(43-3+n)(^ + U^vt)^3^1 + UvH)^^ 

/ (1 + tf^jl + 3;t)^gt^g-V-^g-" 

^ \ {l-t^){l-x){l-Xt'') 

^2g-2+2n(^ + x'^){l + 2t^ + 2t^X + t^xY (t^X + t^x'^){l + 2t^ + 2t'^X + t^x)" 



(1 - r^x) (1 - ^2^2) (1 - ^4^) (1 _ ^8^2) 

+ (l + 2t2 + 2t^ + i6)"-^- 

(1 + ef^l + t^)2g + (1 + t')t6g-2 - (1 + t)2g(l + t^)2g(l + t2)2t^g-2 

(1-^2)3(1-^4) 

□ 

Proof. The Theorem follows by an argument analogous to the proof of Theorem 11.1, 
but now using the contributions from the fixed determinant critical submanifolds given 
in Propositions 12.9, 12.10, 12.15, 12.16 and 12.18. Also, Proposition 12.1 takes the 
place of Proposition 2.1. □ 

Corollary 12.21. The Euler characteristic of the moduli space of parabolic Higgs bun- 
dles with fixed determinant A is 

xiM"-) = . 

Proof. This could be shown by substituting t = — 1 in the formula of Theorem 12.20. 
But it is, in fact, easier to note that the Euler characteristic of the moduli space equals 
the sum of the Euler characteristics of the critical submanifolds. Our description of 
these shows that they all have zero Euler characteristic. Hence the only potentially 
non-zero contribution comes from the invariant part of the cohomology of the critical 
submanifolds of type (1, 1, 1), given in Proposition 12.8. Prom MacDonald's formula [29] 
we have xiS'^'X) = (-1)'"*(^^"^) and hence 



^ \ mi J \ m2 J 
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where the sum is over all {mi,m2iw) satisfying the conditions (12.5) and (12.6). This 
is essentially the calculation of the proof of Proposition 12.10, with t substituted by —1, 
and gives zero. □ 

Finally, we can identify the variant part of the cohomology of M.^ under the action 
of Fs — this should be relevant for proving the rank 3 parabolic version, stated in [21], of 
the mirror symmetry Theorem of Hausel-Thaddeus [22] . 

Theorem 12.22. The variant part of the rational cohomology of A4.^ has Poincare 
polynomial 

P™ (7W^) = 2 • 6"-^(32» - l)t^2»-^2+6n(^ ^ ^^4g-i _ 

Proof. As we have seen in Remarks 12.17 and 12.19, the critical submanifolds of type 
(1,2), (2,1) and (3) do not contribute to the variant cohomology. Hence, under As- 
sumption 7.6, the variant Poincare polynomial P^^'^IM^) equals the contribution coming 
from critical submanifolds of type (1, 1, 1), given in Proposition 12.10. But, as we saw 
in (12.2), 

Pt(M^)(l + 1)""' - Pt{M) = Pr\M^){l + tf^ , 

and we know from Propositions 2.1 and 12.1 that the left hand side is independent of 
the choice of A and parabolic weights made in Assumption 7.6. Hence the right hand 
side is also independent of this choice. This finishes the proof. □ 
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